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Abstract. We address the problem of automatic synthesis of decision
procedures. We evaluate our ideas on ground arithmetic and linear arith-
metic, but the approach can be applied to other domains as well. The
approach is well-suited to the proof-planning paradigm. The synthesis
mechanism consists of several stages and sub-mechanisms. Our system
(adeptus ), which we present in this paper, synthesized a decision pro-
cedure for ground arithmetic completely automatically and it used some
specific method generators in generating a decision procedure for lin-
ear arithmetic, in only a few seconds of cpu time. We believe that this
approach can lead to automated assistance in constructing decision pro-
cedures and to more reliable implementations of decision procedures.

1 Intro duction

Decision proceduresare often vital in theorem proving [2,6]. In order to have
decision proceduresusable in a theorem prover, it is often necessaryto have
them implemented not only e cien tly, but also exibly . In addition, it is very
important to have decisionproceduresfor new, user-de ned theories. The imple-
mentation of decisionproceduresshould be suc that it can be veried in some
formal way. For all thesereasons,it would be fruitful if the process(or, at least,
all its routine steps) of synthesizing and implementing decision procedurescan
be automated. It would help avoiding human mistakesin implemenrting decision
procedures.Since many stepsin di erent decisionprocedurescan be described
via rewriting, object level proofs could often be alsorelatively easily derived.

In this paper we follow ideasfrom the programme on proof plans for normal-
isations from [4]. As discussedthere, many steps of many decision procedures
can be described via setsof rewrite rules. This obsenation preparesthe way for
automatic generation of decisionprocedures(given the necessaryrewrite rules),
which is vital for userde ned theories. Following and extending the ideasfrom
[4], we have deweloped a system adeptus (coming from Assemblyof DEcision
Procedures via TransmUtation and Synthesis) capableof automatically synthe-
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sizing normalisation proceduresand decisionprocedures? All the methods that
adeptus generatesare built in the spirit of the proof planning paradigm (and are
implemerted in prolog ). For sometheories, the approach presened gives not
only automatically generateddecisionprocedures,but also a higher-level under-
standing of syntactical transformations within the underlying theory. We believe
that this approac can be helpful in both providing an easierimplemertation of
decision proceduresand gaining a deeper understanding of them.

In this paper we evaluate our techniques on ground arithmetic and linear
arithmetic (over rationals). adeptus synthesized the decision procedures for
ground arithmetic in around 3 secondsand a decisionprocedurefor (quanti ed)
linear arithmetic in around 5 secondsof cpu time.

2 Preliminaries

Decision procedure. A theory T is decidableif there is an algorithm, which we
call a decision procedure, such that for an input T -sertencef , it returns yes
if andonly if T © f (and returns no otherwise).

Ground and linear arithmetic. Ground arithmetic is a fragment of arithmetic
that doesnot involve variables. Linear arithmetic is a fragmert of arithmetic
that involves only addition (nx is treated as x + + X, where x appears
n times). For both thesetheories, we assumethat variables can range over
rational numbers. The Fourier/Motzkin procedure[8] is one of the decision
proceduresfor linear arithmetic.

Backus-Naur form. For describing syntactical classeswe useBackus-Naur form
| bnf (equivalent to corntext-free grammars). We will assumethat eadt
bnf de nition has attached its top class The languageof a bnf is a set
of all expressionsthat can be derived from the top class. For represerting
some in nite syntactical classes,for corvenience,we use some meta-level
conditions. We de ne the relation ec (elementof clas9 as follows: eqb;e;c)
holdsi e is an elemen of the classc in the bnf de nition b.

Rewrite rules. Unconditional rewrite rules are of the form: RuleName: | ! r.
Conditional rewrite rulesare of the form: RuleName : | ! rif pg;p2;:::;pn;
whereps, p2, :::, Pn are literals. Theserewrite rules may rely on someprop-

erties speci ¢ to the underlying theory T. The rules like nix + nox !
nx if n = ni+ ny: (corresponding to linear arithmetic), we will haveto use
modulo the underlying theory. For arule RuleName: | ! rif p1;p2;::i:;pn;
we sa that it is sound w.r.t. theory T if for arbitrary T-formula and
arbitrary substitution ' it holds that T ° if T, pi', p2', iio pn'
[I' 7! r'], and we say that it is complete w.r.t. theory T if for arbi-

trary T-formula and arbitrary substitution ' it holds that T ° only if
Tip p2ts tinp” [N 7V

Proof planning and methals. Proof-planning is a technique for guiding the searh
for a proof in automated theorem proving. To prove a conjecture, within a

2 adeptus is implemented in prolog as a stand-alone system. The code and the
longer version of this paper are available from www.matf.bg.ac.yu/~janicic



proof-planning system, a method constructs the proof plan and this plan
is then usedto guide the construction of the proof itself [3]. These plans
are made up of tactics, which represert common patterns of reasoning. A
method is a speci cation of a tactic. A method has sewral slots: a hame,
input, preconditions, transformation, output, postconditions, and the name
of the attached tactic. A method cannot be applied if its preconditions are
not met. Also, with the transformation performedand the output computed,
the postconditions are cheded and the method application fails if they fail. 3

3 Prop osed Programme

Our programme (slightly modi ed from the rst version[4]) for automated syn-
thesis of di erent kinds of normalisation methods and normalisation procedures
can be decomposedinto se\eral parts:

{ Make a method which is capableof doing the following: given two syntactical
classesand some rewrite rules, select (if it is possible) a subset of rewrite
ruleswhich is su cien t to transform any member of the rst syntactical class
into a member of the secondsyntactical class.The output syntactical class
and the corresponding method can be automatically generatedin a number
of special cases.An algorithm which can generatesud a method we call a
methad geneator.

{ Therewill bedi erent kinds of methods, e.g.,onefor remaoving somefunction
symbol, one for strati cation, one for thinning etc. (seefurther text and [4]
for explanation of theseterms); for ead of them, there is a method generator.

{ Given sewral generated methods, it should be possibleto combine them
(automatically) into a compound method or, sometimes,into a decisionpro-
cedurefor sometheory;

{ Methods (and compound methods) should be designedin such a way that
their soundnesscompletenessand termination can be easily proved;

{ Sincesometransformations (required for someprocedures)are very complex,
building methods may require human interaction and assistance.

Following the above programme, we implemerted our systemadeptus capa-
ble of generating code for real-world decisionprocedures.We have implemented
seweral method generators.They take a given bnf , transform it into another one,
and build a method that cantransform any formula that belongsto the rst bnf
into a formula that belongsto the secondbnf . On the set of all thesegenerators,
we can perform a (heuristically guided) seart for a sequenceof methods which
goesfrom the starting bnf to atrivial bnf (consisting of only > and ?). If the
nal syntactical classis equalto f? ;>g, then the whole of the sequenceyields
a decision procedure for the underlying theory (under someassumptionsabout
available rewrite rules). If sucdh a method can be built, soundnesstermination,

3 Alteratively, instead of (active) postconditions, methods can have effects — condi-
tions that are guaranteed to be true when the method succeeds.



and completenesscan be easily proved. Apart from these method generators,
we usealso special-purposemethod generators.For simplicity, in the rest of the
paper we assumethat, in formulae being transformed, variables are standardized
apart, i.e., there are no two quarnti ers with the samevariable symbol.

4 Metho d Generators and Generated Metho ds

Normalisation  Metho d Generators. Normalisation methods are methods
based on exhaustive application of rewrite rules. Each normalization method
has the following generalform:
name: methodname;
input: f;
preconditions: edb;f ;top class) (where bis the input bnf de nition);
transformation:  transforms f to f ° by exhaustive application of the set of
rewrite rules (applying to positions that correspond to the
attached syntactical classes);
output: 9
postconditions: eqb’f % top class) (where K is the output bnf de nition).

Example 1. Each formula belongingto the following class:

f.=afj fjf _fjf ~fjf ) fjf , fj(9var :sort)fj(8var : sort)f
can be transformed by using the rewrite rule f1, f, ! (f1) f2)"(f2) f1)
and the resulting formula belongsto the following classf :

f.=afj fjf _fjf ~fjf ) fj(9var :sort)f j(8var : sort)f :

We have implemented generatorsfor seweral kinds of methods:

Remove is a normalization method usedto eliminate a certain function symbol,
predicate symbol, logical connective, or a quarti er from a formula. The
method usessetsof appropriate rewrite rules and appliesthem exhaustively
to the current formula until no occurrencesof the speci ¢ symbol remain. For
instance,asshowvn in Example 1, the givenbnf de nition canbetransformed
to the corresponding bnf de nition without the symbol ,

Stratify is a normalization method usedto stratify one syntactical classinto two
syntactical classescontaining some predicate or function symbols, logical
connectives or quarnti ers. For instance, a stratify method for moving dis-
junctions beneath conjunctions can be constructed if the following rewrite
rules are available: st conj_disj1 :f; "~ (fo_f3) ! (f1~fp) _(f1” f3),
st conj_disj2 : (fo _fa)~fy I (fo™fq)_ (f3” fq). Stratify methods
can also serwe for reordering elemens within an expression,e.g., a stratify
method can be usedto stratify variable x and rearrangea polynomial in such
a way that its summandsinvolving x will be at the end of the expression.

Thin is a normalization method that eliminates multiple occurrencesof a unary
logical connective or a unary function symbol. For instance, we can usethe
rule:: f ! f in orderto transform ead formula belongingto f := afj: f
to a formula belongingto f := afj: af.



Absorb is a normalization method that can eliminate somerecursion rules. For
instance,we canusethe rule rm_mult:c; ¢, ! ¢ if c3= ¢ ¢ in order
to transform ead term belongingto t := t rcjrc (where rc denotesrational
constarts) to a term belongingto t := rc.

Left-assa is one of the normalization methods for reorganisingwithin a class.If
a syntactical classcontains only one function symbol or a connective and if
that symbol is both binary and assaiative, then membersof this classcanbe
put into left assaiative form. For instance, we will needthe left assaiation
of addition and the left assaiation of conjunction.

A normalisation methal geneator is a procedure with the following input:
(i) abnf form b of the input expressions{ii) a setof rewrite rulesR; (iii) akind
t of the required method (e.g., removg. It generatesa method M and a bnf
form &P (of the output expressions)* By exhaustively applying the rules from R,
M transforms any expressionbelongingto bto an expressionbelongingto kP,

Example 2. Considerthe following class:f := h(a)jh(b)jgi(a)jg2(b) wherea and
bare someclassesand supposethere are the following rewrite rules available: R; :
h(x) ! gi(x), Ra:h(x) ! g2(x). Theserulesaresu cien t for eliminating the
symbol h and for transforming the above classinto the class: f := gi(a)jg.(b).
Howeer, it cannot be reached by arbitrary use of exhaustive applications of
the given rewrite rules, but R; should be applied only to h(a), and R, only to
h(b). The lessonis that we have to take care about which rule we usefor eath
construction of syntactical classes.This (or analogous)information hasto be
built into the method we want to construct.

Method generators for most normalisation methods work, in a sense,in a
uniform way: ead of them rst tries to eliminate non-recursive classesin the
input bnf , then searhesfor \problematic" bnf entries and constructs the target
output bnf set; then, a genericalgorithm for searding over the set of available
rewrite rulesisinvoked and it chedsif all \problematic" ertries canbe rewritten
in such a way that any input formula, when rewritten, falls in the target output
top class.Also, this searty mechanism attachesrewrite rulesto particular entries.
If there are no required rewrite rules, a method generator reports it, sothe user
could try to provide missingrules (in a planned, advancedversion, which is not
part of the work preseried in this paper, the method generatorwould speculate
the remaining necessaryrules and/or try to rede ne/relax the output class).
Special-Purp ose Metho d Generators. The rst oneof the following special-
purposegeneratorscan be usedfor a quarti er elimination procedurefor any the-
ory, while the remaining three are speci ¢ for linear arithmetic. Note, however,
that it is essetial to have these generators(although they are theory-speci c):
they canbe usedin an automatic seard processand generatethe required meth-
ods with the given preconditions (which are not known in advance).

4 In our system, the tactics are not implemented yet. So, our procedures produce
meta-level proof plans, not the object level proofs.



Method Generator for Adjusting the Innermost Quanti er. This generator gen-
erates a method which transforms a formula in prenex normal form in the
following way: if its innermost quanti er is existertial, then keep it un-
changed; if its innermost quarti er is universal, then rewrite the formula
(QXx)(QX2) 111 (Qxp)(8x)f to a formula (Qx1)(QX2):::(Qxy): (9x): f by
using the following rewrite rule: rm_univ: (8x)f ! : (9x): f. The motive
of this method is to deal only with elimination of existertial quarti ers.

One-sideMethod Generator. This generator generates(if the input bnf admits
that) a method which transforms all literals in such a way that ead of them
has 0 asits secondargumert. For instance, for symbols<, >, ,6, ,= as
parameters, after applying that generatedmethod ead literal will have one
of the following forms:t< 0,t> 0,t 0,t6 0,t 0O,t=0.

Method Generator for Isolating a Variable. This generator generates(if the in-
put bnf admits that) a method that isolates a distinguished variable x in
all literals. After applying that method, ead of the literals either does not
involve x or hasone of the forms: x= ,x= , x < ,x< (where ,

, , have no occurrencesof x).

Method Generator for Removing a Variable. The cross multiply and add step is
the essetial step of the Fourier/Motzkin's procedure [8]. It is applied for
elimination of x from 9xF (x), where F is in disjunctive normal form and
ead of its literals either doesnot involve x or hasone of the forms: x =
X= ,Xx < ,x< (where , , , haveno occurrencesof x). After
performing this step, x does not occur in the current formula and so the
corresponding quarti er can be deleted.

Prop erties of Generated Metho ds. A normalisation method links two syn-
tactical sets.In purely syntactical terms, ead formula f ; that belongsto the top
classof the input bnf setshould betransformed (in a nite number of steps)into
a formula f, that belongsto the top classof the output bnf set. In semartical
terms, it should hold that T * f4 if (and only if) T * f,. If the \if " condition
holds, then the method is sound, and if the \only if" condition holds then the
method is complete (w.r.t. T).

Termination. For eat generatedmethod it must be shavn that it is terminating
(by considering properties of the rewrite rules used). For some sorts of
methods, their termination is guaranteed by the way they are generated.

Soundness.We distinguish soundnessf a method w.r.t. syntactical restrictions
and soundnessof a method w.r.t. the underlying theory T:

{ If amethod transforms one formula into another one, then it is ensured
by the method's postconditions that the secondone does meet the re-

5 Note that these sets of rewrite rules are not always confluent. Moreover, for certain
tasks, such as, for instance, transforming a formula into disjunctive normal form,
there is no confluent and terminating rewrite system [9].



quired syntactical restrictions (given by the method speci cation), sothe
method is soundw.r.t. syntactical restrictions.®

{ All available rewrite rules (all of them correspond to the underlying
theory T) are assumedto be sound. Thus, since a method is (usually)
basedon exhaustive application of some(normally sound) rewrite rules,
it is trivially soundw.r.t. T.

Completeness.We distinguish completenessof a method w.r.t. syntactical re-
strictions and w.r.t. the underlying theory T:

{ It is not a priori guararteed that a method can transform any input
formula (which meetsthe preconditions) into someother formula (that
belongsto the output class),i.e., it is not guaranteed that the method
is completew.r.t. syntactical restrictions. Namely, a method maybe uses
someconditional rewrite rules (which cannot be applied to all input for-
mulae). If a method usesonly unconditional rewrite rules or conditional
rewrite rules which cover all possible cases,then it can transform any
input formula into a formula belongingto the output class.

{ Completenessof a method w.r.t. T relies on the completenessof the
rewrite rules used.If a method can transform any input formula into a
formula belongingto the output classand if all the rewrite rules it uses
are complete, then the method is completew.r.t. T.

5 Search Engine for Synthesizing Comp ound Metho ds

Given method generators,a bnf description of a theory T, and a set of corre-
sponding rewrite rules, a user can go step by step and try to conmbine di erent

generatedmethods. Also, an automatic seard for compound methods or a deci-
sion procedurefor T can be performed. The goal of this processis to generatea
sequenceof methods sud that: (i) the output bnf classof the non- nal method
is the input bnf classof the next method in the sequencefii) the output bnf

classof the last method in the sequences a goal bnf , for instance, a trivial bnf

| consisting of entries > and ? for the top class.This sequencecan have more
methods that are instancesof the samekind of methods, or even the very same
method more than once.Our seard procedurein ead step invokesall available
method generators,with all possible parameters (depending on the underlying
language). The seart proceduretries to nd a sequenceof methods that con-
sists of subsequencessuch that ead of them is of length lessthan or equalto a
xed value M, and such that the nal bnf s of the subsequencesre of strictly

decreasingsize. So, in the generated procedure there might be somebnf size
increasing steps, but the whole of the procedurewould be decreasing.The size
of bnf de nition is a heuristic measureand we de ne it to be the sum of sizesof
all its ertries; the size of the ertry ¢ := c®is de ned as follows: (i) ead symbol
cin c® adds 100; (i) ead symbol c®in c® (where c®is someother class) adds

® Conditional rules are the reason for using active postconditions in methods (instead
of passive e ects). Namely, in some situations no rewrite rule is applicable, but the
processed formula is not yet in normal form, so the postcondition must be tested.



10; (iii) ead other symbol in c® adds 1. De ned this way, the measureforcesthe
engineto try to get rid of recursive classesand then of the classesthat involve
some other classes.The trivial, goal bnf class (consisting of only f = >j? )
has the size 2. If the current sequencecannot be corntinued, the seard engine
badktracks and tries to nd alternatives.

Example 3. The size of the following bnf de nition (for ground arithmetic):
f afj: fjf _fjf ~fjf ) fjf, f
af >i?) t=tjt < tjt > tjt  tjt tjt6 t
t:=rg tjt tjt+t
is 1556. The sizeof bnf for the full linear arithmetic is 2233.

Given a nite number of method generatorsand a nite number of rewrite
rules, at ead step a nite number of methods can be generated (there is also
a nite number of possible parameters). Thus, since the algorithm produces
subsequencegof maximal length M) of decreasingsizes(natural numbers) of
corresponding bnf de nitions, the given algorithm terminates. If method gen-
erators can generateall methods necessaryfor building the required compound
method, then (thanks to backtracking) the given algorithm can build one such
compound method (for M large enough). If we iterate the given algorithm (for
M = 1;2;3;:::), then it will evertually build the required compound method,
so this iterated algorithm is complete Howewer, we can also use it only with
particular valuesfor M (then the procedureis not complete, but it givesbetter
results if it usedonly for an appropriate value for M).

The ordering of method generatorsis not important for termination and
correctnessof the given seart algorithm, but it is important for its e ciency .
We usedthe following ordering (basedon empirical tests): remove, thin , absorb,
stratify , left_assoc .

For theories for which normalisation methods cannot build a decision pro-
cedure, we use special-purpose method generatorsand the basic seart engine
in a more complex way. The seard for a decision procedure basedon quarti-
er elimination is performed in three stages,by the following compound search
engine

{ the rst stageis readciing a bnf for which the method for adjusting the
innermost quanti er is applicable;

{ the secondstagecontin ueswhile the variable elimination method is applica-
ble (in ead loop one variable is being eliminated); the output bnf of this
stagehasto be a subsetof its input bnf ;

{ the third stage starts with the output bnf of the rst stage, but with all
entries involving variablesand quanti ers deleted(it is the bnf of the current
formula after the loop described asthe secondstage);its goal bnf de nition
is the trivial one (i.e., consistingonly of > and ?).

For eat of thesestageswe usethe basicseart engineand we useall method
generatorswith priority given to the special-purpose method generators.



Prop erties of Comp ound Metho ds. A set of generated methods for some
underlying theory T can be combined (by a human, or automatically) into a
compound method (for that theory). Compound methods (in this context) can
use primitiv e methods in a sequenceor in a loop (but not conditional branch-
ing). The preconditions of a compound method are the preconditions of the rst

method, and the postconditions are the postconditions of the last method used/”

Termination. If a compound method is a sequenceof terminating methods, then
it is (trivially) terminating. If it hasa loop, a deeper argumert is required.

Soundness.Sinceit relieson the soundnesof the usedprimitiv e methods, every
compound method is also sound (both w.r.t. syntactical restrictions and
w.r.t. the underlying theory T). Meeting the syntactical restrictions of the
compound method is also ensuredby its postconditions.

Completeness.If all the usedmethods are completeand if the compound method
is terminating, then it is (trivially) complete. More precisely if a compound
method (i) is terminating; (ii ) usesonly (primitiv e) methods which never fail
(i.e., the methods which transform any input formula to a formula belonging
to the output class) and which use only complete rewrite rules, then that
compound method is complete (w.r.t. T).

Based on the above considerations,we can make a crucial obsenation: if a
compound method for sometheory T has an input bnf set corresponding to
the whole of T, a trivial output bnf setconsistingonly of > and ?, and if it is
terminating, sound, and complete (w.r.t. T)8, then it is a decisionprocedurefor
T . This way, we can, in somecasestrivially geta proof that some(automatically
generated) compound method is a decision procedurefor sometheory.

6 Evaluation

We ran the basic seard engine,on the bnf de nition givenin Example 3, with
M = 3, with the described method generators, and with 59 relevant rewrite
rules available. We set the goal bnf de nition to be the trivial one (f = >j? ),
thus aiming at synthesizing a decision proceduresfor ground arithmetic. The
sear algorithm took 2:91 secondsof cpu time® and during the seart there
were 48 methods successfullygenerated (while there are 22 of them in the nal
sequence).The seart algorithm producedthe sequenceof methods DP_GAvith
the following \overview": remove, , remove) , remove , remove , remove§,
remove>, remove , stratify [*;_], thin : , stratify [ ], stratify [+], left.ass@ _,
left_ass@ +, left_ass@ , absorle , absorke +, remove<, remove=, left_assa@
A, remove”, remove_.

" This way of constructing the preconditions and postconditions of a compound
method is not adequate in general but suffices for the examples we were working
on (recall that in compound methods that our system generates, the output bnf
class of a method is always the input bnf class of the next method in the sequence).

8 Soundness and completeness properties rely on properties of the rewrite rules used.

® The system is implemented in swi Prolog and tested on a 512Mb PC 2.4Ghz.



Theorem 1 The procedure DP_GAor ground arithmetic is terminating, sound
and complete, i.e., it is a decision procedure for ground arithmetic.

Proof sketch. The procedure DP_GAs sound and terminating, as all generated
methods are sound and terminating and there is no loop. We still don't claim
that it is complete asthere are someconditional rewrite rules used.For instance,
in the step absorle + of DPGA the conditional rule reduce_plus : t;+ 1ty ) ts,if
t3 = ty + t is used,but it is still not shown that its condition coversall possible
cases.The user can show this by proving: (8c; : rational )(8c; : rational )(9¢; :
rational )(c; = ¢ + ¢y). It is easyto prove that such conjecturesare theorems
of linear arithmetic. Moreover, some of them can be proved by the decision
procedure DP_LAfor linear arithmetic (which we also automatically generated
and we report on that in the subsequehtext). All this leadsusto concludethat
the procedure DP_G#s correct.

We applied the compound seard engine on the bnf description of the full
linear arithmetic, with M = 3 for the rst and the third stage,with M = 5 for
the secondstage'®, with all the described methods, and with 71 relevant rewrite
rules available. The seard algorithm took 4:80 secondsof cpu time and during
the seard there were 89 methods successfullygenerated, while there are 51 of
them in the nal sequenceyielding a decisionprocedureDP_LA

Theorem 2 The procedure DP_LAfor linear arithmetic is terminating, sound
and complete, i.e., it is a decision procedure for linear arithmetic.

Proof sketch.Each of individual methods usedin the generatedprocedureDP_LA
is terminating. Since eat loop eliminates one variable and since there are a
nite number of variables in the input formula, the loop terminates. Hence,
the procedure DP_LAs terminating. Sinceall methods in DP_LAuse only sound
rewrite rules, all of them are sound, and hence, the whole of the procedureis
sound. The completenesgelies not only on the completenessof the rewrite rules
used, but also on the coverage property for the methods that use conditional
rewrite rules. It is easyto see(similarly asfor DP_GAthat all required coverage
properties are ful lled (moreover, someof the coverageproperties can be proved
by the generatedprocedureitself, which is, of course,acceptable,aswe know that
the procedureis sound). Therefore, in ead method, either unconditional rules
are used or conditional rules that cover all possible cases.Thus, all methods
always succeedand all methods are complete. Hence, the procedure DP_LAis
complete. All in all, the procedure DP_LAerminates, it transforms an arbitrary
input (linear arithmetic) formula into the resulting formula > or ?, while the
resulting formula is > if and only if is a theorem in linear arithmetic.
Wedon't claim that the generatedprocedureDP_LAs the shortestor the most
e cien t one. Howewer, we doubt that a decisionprocedurefor linear arithmetic
can be described correctly in a much shorter way. This suggeststhat it is non-
trivial for a human programmer to implemert this procedurewithout aws and
bugs, even when provided with the code for the key step (cross multiply and

10 For lower values of M the system failed to generate the required procedure.



add), becausethe most probable aws are rather in correctly combining all the
remaining steps.

7 Related Work

Our approad is basedon ideasfrom [4] and apart from that strong link, aswe
are aware of, it can be consideredbasically original.

The work preserted here is related to the Knuth-Bendix completion proce-
dure [7] and its variants in a sensethat it performs automatic construction of
decision procedures.However, there are signi cant di erences. While the com-
pletion procedureproducesa con uent and terminating set of rewrite rules, and
hencea way how to reach a normal form, it doesnot give a description of the
normal form. In contrast, our systemdoesnot necessarilyproducea decisionpro-
cedure(or a normalisation procedure) whenever the completion proceduredoes,
but when it producesa procedure, it also provides the nite description of the
output (normalised) language.In addition, the completion procedure produces
proceduresthat are basedon exhaustive applications of rewrite rules, while our
system producesproceduresthat usesubsetsof rewrite rules in stagesand gives
structured proofs (easily understandableto a human). For instance, our system
can generatea procedurefor constructing conjunctive normal form, which can-
not be done by a single rule set. We believe that it would be worthwhile to
combine our work with the Knuth-Bendix completion procedurein the following
way: the completion procedurecan be usedto nd a con uent and terminating
rule setand then adeptus canbe usedto describe the normal form it produces.

Our work is alsorelated to work aimed at deriving decision proceduresus-
ing superposition-based inference system for clausal equational logic [1]. That
approad is an alternativ e to the congruenceclosurealgorithm and to the Knuth-
Bendix completion procedure.It doesnot userewrite rules in a structured way,
soit is not suitable for dealing with large setsof rules (as for linear arithmetic).
Our work is alsorelated to work that performsautomatic learning of proof meth-
ods [5]. The system Learn ma tic learns proof methods (including decision
procedures)from proof traces obtained by brute force application of available
primitiv e methods. This approac (unlik e ours does not give opportunities for
simple proofs of termination or completenessof learnt methods.

8 Realm of the Approac h and Further Automation

In the preserted method generators, we took a method kind, input bnf, and
someset of rewrite rules, and usedthem to generatea required method (with
someoutput bnf). Howevwer, it would be fruitful if we could start with an input
bnf and look at bnf s and methods that can be obtained by subsetsof the
available rewrite rules. It is interesting to considerwhether for a given bnf and
a set of (terminating) rewrite rules we can always compute the output bnf . The
answer for the generalcaseis negative, since,in a generalcase,the resulting set
of expressionss not necessarilyde nable by a bnf s. Evenif there is an algorithm



that (given a bnf and a terminating set of rewrite rules) constructs an output
bnf wheneverit is possible (this is subject of our current researt), it would
still not ensurefurther automation of our programme in generalcase.Namely, if
want to synthesize a decisionprocedure, we would generatea sequenceof bnf s
looking for atrivial one(consistingof only > and ?) and, we would needto chedk
whether two bnf s give the samelanguage,but that problem is undecidablein
general. Therefore, it is likely that we cannot have a complete procedure for
synthesizing decisionprocedures.On the other hand, we believe that our system
canwork well in many practical situations. Our systemis heuristic, and its realm
is determined by the set of method generatorsavailable (soit is di cult to make
a formal characterisation of the realm).

In synthesizing decisionprocedures,the approad doesnot distinguish if the
theory is a combination of sometheoriesor not. Thus, the problem of combining
decision procedures(for combination of decidable theories) is not addressed:if
there are synthesized decision proceduresfor componert theories, these cannot
be combined. A decisionprocedurefor a combination theory can be synthesized
only if it asa whole can be described in terms of normalisation methods.

For future work we are planning the following lines of researd:

{ we will be looking for other challenging domains for our techniques;

{ we will try to extend the set of our method generatorsand seard engines
and will try to further improve their e ciency;

{ we will implement mecanismswhich generatenot only necessarymethods,
but alsothe corresponding tactics;

{ we will try to automate the processof proving completeness(i.e., whether
conditions in the rewrite rules used cover all possiblecases);we will try to
do it wheneer possibleby using the mertioned \self-re ection" principle;

{ wewill try to combine our systemwith Knuth-Bendix completion procedure.

9 Conclusions

We preserted a system (adeptus ) for synthesising decision procedures. It is
based on ideas from [4]. adeptus consists of seweral method generators and
medanismsfor seardiing over them and combining them. We have implemented
the systemand usedit for automatically generatingdecisionprocedures(in pr o-
log ) for ground arithmetic and for linear arithmetic. Theseimplementations are
correct (and the user gets help in proving correctness,completenessand termi-
nation), which is not quite easyfor a human programmer to achieve. We believe
that our approacd can be usedin other domainsaswell and canleadto automa-
tion of someroutine stepsin di erent typesof programming tasks. The preseried
approad is such that it provides a framework for easyproving of termination,
soundnessand completenessof generated procedures. Also, the approac can
give a deeper insight into the nature of somedecision procedures.
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