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Abstract

Usingtheachievementsof my researchgroupover
thelast30+years,I provideevidenceto supportthe
following hypothesis:

By complementingeach other, cooperat-
ing reasoningprocesscanachievemuch
more than they could if they only acted
individually.

Most of the work of my group hasbeenon pro-
cessesfor mathematicalreasoningandits applica-
tions, e.g. to formal methods.The reasoningpro-
cesseswehave studiedinclude:

Proof Search: by meta-level inference, proof
planning,abstraction,analogy, symmetry, and
reasoningwith diagrams.

RepresentationDiscovery, Formation and Evolution:
by analysing,diagnosingandrepairingfailed
proof and planning attempts, forming and
repairingnew conceptsand conjectures,and
forming logical representationsof informally
statedproblems.
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Other: learningof new proofmethodsfrom exam-
ple proofs,�nding counter-examples,reason-
ing underuncertainty, thepresentationof and
interactionwith proofs,theautomationof in-
formalargument.

In particular, we have studiedhow thesedifferent
kinds of processcancomplementeachother, and
cooperateto achieve complex goals.
We have appliedthis work to the following areas:
proof by mathematicalinductionandco-induction;
analysis; equationsolving, mechanicsproblems;
the building of ecologicalmodels; the synthesis,
veri�cation, transformationand editing of both
hardwareandsoftware,including logic, functional
and imperative programs,security protocolsand
processalgebras;the con�guration of hardware;
gameplayingandcognitive modelling.

1 Intr oduction
“Many handsmake light work” (JohnHeywood)

Much researchin Arti�cial Intelligenceconsistsof invent-
ing or developinga new technique:analysingandestablish-
ing its properties,implementingand testing it, comparing
it with rival techniquesfor the sametask, etc. Otherwork
consistsof combiningseveraltechniquesinto acomplex sys-
tem that solvesproblems,modelsnaturalsystems,etc. It is
commonlyobserved that complementarytechniquescanas-
sist eachother, extendingtheir rangeof automationand/or
effectiveness.For instance,this wasthethemeof a previous
I JCAI paperof mine[Bundy, 1985]. It is not just thatdifferent
techniquesareneededto tackledifferentaspectsof acomplex
task;onetechniquecanalsoassistanotherby addressingits
shortcomings.In thecurrentpaperwe examinethis observa-
tion in moredetail, giving examplesof how techniquescan
complementeachother:achieving morethanthesumof their
parts.Theexamplesaredrawn from thework of my research
group,over morethan30 years,aimedat automatingmathe-
maticalreasoning.

This samepoint could be illustratedby many piecesof
work. However, giventhecontext of thispaperandthespace
limitations of the I JCAI-07 proceedings,I have limited my-
self to work in which I playedsomerole, albeit a small one



in somecases.My apologiesto thosepeoplewhosework I
havenotsurveyed;profuseapologiesto thoseI havenoteven
cited.

2 Object-level and Meta-level Infer ence
“Not all whowanderare lost.” (JohnRonaldReuel
Tolkien)

Much of our work hasbeenon automaticinference,es-
pecially proving mathematicaltheorems.Most work in this
areabuilds on mathematicallogic, which is usedto represent
the conjecturesto be proved, the axiomsof the theoriesin
which they areto beproved,andthe rulesof inferencewith
which they are to be proved. Theselogical formulaepro-
vide a search spaceof potentialproof steps.Typically, proof
searchis conductedbackwards,startingwith theoriginalcon-
jectureasthe main goal andapplyingthe rulesof inference
backwardsto exchangeeachgoalfor a setof subgoals.Nav-
igating this searchspaceis the major problemin automated
theoremproving. It is calledthecombinatorialexplosion, be-
causethe numberof subgoalsincreasessuper-exponentially
with thelengthof theproof,rapidlyswampingthecomputer's
memoryfor all but trivial problems.

Humanmathematicianssucceedin navigating thesehuge
searchspacesby steppingbackfrom thelow-level detailsand
thinkingatahigher-level aboutthenatureof theproblemand
the suitability of their tools for solving suchproblems. We
have beentrying to emulatethis high-level thinking in our
automatedprovers.In particular, wehave implementedproof
searchassimultaneousandcooperatinginferenceat two lev-
els: the object-level, in which the original conjecture,the-
ory andrulesareexpressed,andthemeta-level, in which the
proof methodsarespeci�edandtheconjecturesanalysed.In
meta-level inference, the conjectureis analysed,a suitable
proof methodidenti�ed and applied, progressis measured
andtheprocessrecurses.In this way, inferenceat themeta-
level directsinferenceat theobject-level, avoidingunproduc-
tive partsof thesearchspaceandmakingproof searchcom-
putationallytractable.

We have appliedthis two-level approachmany times,but
most notably in the domainsof equationsolving using the
PRESS1 system[Bundy and Welham,1981; Sterling et al.,
1989] and inductive theoremproving using Clam/Oyster2
[Bundy et al., 1991;Bundy, 2001]. The latestrealisationof
this ideais proof planning, [Bundy, 1988;1991], in which
proofmethodsarespeci�edasSTRIPS-likeplanoperatorsand
planformationis usedto custom-build a proof planfor each
conjecture.

To illustrate theseideasI will describerippling, a proof
methodfor reducingthe differencebetweena goal andone
or moregivens[Bundyet al., 2005a]. It frequentlyoccursin
mathematicsthat thegoal to beproved is syntacticallysimi-
lar to a “given”, i.e. a hypothesis,assumptionor axiom. This
occurs,mostnotably, in inductive proof,wheretheinduction
conclusionandinductionhypothesishave strongsimilarities
by construction.Rippling wasoriginally developedfor such

1PrologEquationSolvingSystem.
2And in laterproofplanners,suchas¸ Clam andISAPLANNER

inductive proofs,but we have foundwidespreadapplications
in othertypesof problem. Typically, we want to rewrite the
goal in sucha way as to separatethe similarities and dif-
ferenceswhile preservingthe similarities. This enablesthe
given(s) to be usedto prove all or part of the transformed
goal. We can visualisethis processby annotatingthe goal
and the given(s)with their similarities and differences(see
Figure3 1).

t <> (y <> z) = (t <> y) <> z

` h :: t
"

<> (y <> z) = ( h :: t
"

<> y) <> z

` h :: t <> (y <> z)
"

= h :: t <> y)
"

<> z

` h :: t <> (y <> z)
"

= h :: (t <> y) <> z
"

` h = h ^ t <> (y <> z) = (t <> y) <> z
"

The exampleshows the stepcaseof an inductive proof
of theassociativity of list append,where<> is thein�x
notationfor appendand:: is the in�x notationfor cons.
` separatestheinductionhypothesis(thegiven)from the
inductionconclusion(thegoal). Theformulaeareanno-
tatedto show thedifferencesandsimilaritiesbetweenthe
givenandthegoal. Thegrey boxesindicatethepartsof
the goal which differ from the given. They are called
wave-fronts. Eachwave-front hasone or more wave-
holes indicatingsub-termsof thewave-frontswhichcor-
respondto partsof thegiven. Thepartsof thegoalout-
sidethewave-frontsor insidethewave-holes,arecalled
theskeleton. Theskeletonalwaysmatchestheinduction
hypothesis.The arrows indicatethe directionof move-
mentof thewave-fronts— in thiscaseoutwardsthrough
thegoaluntil they completelysurroundtheskeleton.
The rules are also annotatedand annotationmust also
matchwhenrulesareapplied. Suchannotatedrulesare
calledwave-rules. The main wave-ruleusedin this ex-
ampleis:

H :: T
"

<> L ) H :: T <> L
"

which is takenfrom thestepcaseof therecursive de�ni-
tion of <> .
Note how the grey boxes get bigger at eachwave-rule
applicationwith moreof the skeletonembeddedwithin
them,until they containacompleteinstanceof thegiven.

Figure1: TheAssociativity of AppendusingRippling

Ripplingsuccessfullyguidesproofsearchby ensuringthat
the skeletongetslarger until it matchesthe givens. At this
point the givenscanbe usedto prove the goal. It hasbeen
successfullyappliedin induction, summingseries,analysis
anda variety of otherareas.More importantly, if andwhen

3Tip to reader:themathematicaldetailsareoptionalandhaveall
beenput in �gures separatedfrom themaintext.



it fails, thenatureof thefailurecanbeusedto suggesta way
to patchtheproofattemptandto recover from thefailure(see
x3).

Meta-level inferenceprovides least-commitmentdevices,
suchasmeta-variables,whichcanbeusedto postponesearch
decisions. For instance,in inductive proof, choosingan
appropriateinduction rule is an in�nite branchingpoint in
the search:thereis an inductionrule correspondingto each
well-orderingof eachrecursive data-structure,suchas nat-
ural numbers,lists, trees,sets,etc. The key to a success-
ful inductionis oftento chooseaninductionrule that inserts
wave-frontsinto theinductionconclusionfor which thereare
matchingwave-rules,so that rippling is successful.We can
turn this requirementon its headby postponingthe choice
of inductionrule, insertinghigher-ordermeta-variablesinto
the induction conclusionto stand for the unknown wave-
front, usinghigher-orderuni�cation to instantiatethesemeta-
variablesduringrippling, andretrospectively choosinganin-
ductionrulewhenthewave-frontsarefully instantiated.This
signi�cantly reducesthe searchproblemby moving it from
a place(the choiceof induction rule) wherethe branching
is in�nite, to aplace(rippling) whereit is highly constrained.
Becauseweareeffectively developingthemiddleof theproof
beforethe beginning or the end,we call this searchmoving
techniquemiddle-outreasoning, in contrastto top-down or
bottom-upreasoning.

We have appliedmiddle-outreasoningto thechoiceof in-
ductionrule in two PhDprojects.Initially, Ina Kraanusedit
to selectanappropriateinductionrulefrom apre-determined,
�nite set of rules, as part of a project to synthesiselogic
programsfrom their speci�cations[Kraanet al., 1996]. In
this project, Kraan also usedmiddle-out reasoningto syn-
thesisethe logic program. More recently, JeremyGow ex-
tendedmiddle-outreasoningto createandverify new induc-
tion rules,customisedto thecurrentconjecture[Gow, 2004;
Bundyetal., 2005b].

Proofplanningis now a thriving researcharea,with many
applicationsandextensions,for instance:

² The ­ MEGA proof planner [Siekmannet al., 2006],
whichhasbeenappliedto awiderangeof areasin math-
ematics;

² Applications to the combinationand augmentationof
decisionprocedures[Jani�cić andBundy, 2002];

² Multi-agent proof planning [Benzm̈uller and Sorge,
2001];

² Reasoningaboutfeatureinteractionin �rst-order tempo-
ral logic [CastelliniandSmaill,2005]

² Multi-strategy proofplanning[Melis etal., 2006].

I have alsoproposedit asthebasisfor a “Scienceof Reason-
ing”, in which proof plansprovide a multi-level understand-
ing of thestructureof proofs[Bundy, 1991]

Meta-level inference, and proof planning in particular,
showshow two complementaryinferenceprocessescaninter-
act to reducetheamountof searchandovercomethecombi-
natorialexplosion. Meta-level analysismatchesobject-level
goalsto theproof methodsbestsuitedto solve them,cutting

outa lot of legal, but unproductive,object-level, ruleapplica-
tions. Middle-out reasoningcanrearrangethe searchspace,
postponingdif�cult searchdecisionsuntil they aremadeeas-
ier asaside-effectof othersearchdecisions.Theobject-level
inferencethenprovidesthe goalsthat form the ammunition
for thenext stageof meta-level analysis.

3 Infer enceand Fault Diagnosis
“The best laid plans of mice and men gang aft
aglay.” (RabbieBurns)

Like all plans,proof plansarenot guaranteedto succeed.
Whenthey fail, recovery requiresanotherkind of reasoning
process:fault diagnosis. Whenstandardobject-level proof
searchfails,theusualresponseis for theproofsearchto back-
up to someearlier choicepoint and retry. Proof planning
enablesa more productive useto be madeof failure. The
mismatchbetweenthesituationanticipatedat themeta-level
andthesituationobtainingat theobject-level providesanop-
portunity to analysethefailureandproposea patch.Human
mathematiciansalsomake a productive useof failure. See,
for instance,[van der Waerden,1971] for an exampleof re-
peatedplanfailureandpatchingin an,eventuallysuccessful,
attemptto prove achallengingconjecture.

Consider, as anotherexample, a failure of the rippling
methodoutlined in x2. This might occur, for instance,be-
causethereis no rule available to ripple the wave-front out
onemorestage. From the meta-level inferencethat formed
therippling-basedproofplan,wecanextractapartialdescrip-
tion of theform thatthemissingwave-ruleshouldtake. This
is bestillustratedby anexample.SeeFigure2.

We have implementedthis kind of fault diagnosisandre-
pair within our proof planningframework usingproof critics
[Ireland,1992;IrelandandBundy, 1996]. Theoriginal work
explored ways to recover from different kinds of failure of
rippling, suggesting,variously, new formsof induction,case
splits,generalisationsandintermediatelemmas.Later work
by Irelandandhis co-workershasextendedthis to discover-
ing loop invariantsin theveri�cation of imperative programs
[Ireland and Stark, 2001]. They have recentlyappliedthis
work to industrialveri�cation by extendingandsuccessfully
evaluatingPraxis' automatedprover [Ireland et al., 2006].
DeepakKapur and M. Subramaniamhave also developed
similarmethodsfor lemmadiscoveryin induction[Kapurand
Subramaniam,1996]. Rául Monroy hasusedcritics for the
correctionof falseconjectures[Monroy et al., 1994], which
requirestheadditionalreasoningprocessof abduction. More
recently, Monroy hasappliedhis techniquesto higher-order
faultyconjectures,leadingto theautomaticformationof new
theories,suchasmonoids[Monroy, 2001]. AndreasMeier
andEricaMelis haveadaptedtheirmulti-strategy MULTI sys-
tem to include failure analysisand the automaticproposal
of “recommendations”to overcomethem[Meier andMelis,
2005].

Fault diagnosisof an earlier failure suggeststhe most
promisingalternative proof attempt.It removestheneedfor
blind backtracking,removing legal, but unproductivechoices
from thesearchspaceandhelpingto defeatthecombinatorial
explosion. Moreover, the proof patchesoften provide inter-



r ev(r ev(l)) = l

` r ev(r ev( h :: t
"

)) = h :: t
"

` r ev( r ev(t) <> (h :: nil )
"

)
︸ ︷︷ ︸

blocked

= h :: t
"

r ev is a list reversingfunction. The exampleis taken
from a failed proof that reversinga list twice will give
you theoriginal list. Supposethat,initially, theonly rule
availableis:

r ev( H :: T
"

) ) r ev(T ) <> (H :: nil )
"

The ripple attempt will fail becauseno rule matches
the left hand side of the goal, so the wave-front can-
not be moved onestagefurther outwards. However, by
analysingtheblockedripple,faultdiagnosiscanworkout
thatthemissingwave-ruleshouldtake theform:

r ev( X <> Y
"

) ) F ( r ev(X ) ; X ; Y )
"

where F standsfor some unknown function, repre-
sentedby a higher-ordermeta-variable. If we allow the
proof to continueusingthis missingwave-ruleschema,
thenthe proof will succeed,instantiatingF (u; v; w) to
r ev(w) <> u in theprocess.Wenow discoverthemiss-
ing wave-ruleto be:

r ev( X <> Y
"

) ) r ev(Y ) <> r ev(X )
"

whichmustbeprovedasa lemmato completetheproof.
Note that this lemmais a distributive law of <> over
r ev, andis aninterestingtheoremin its own right, rather
thanjust anarbitraryhackneededjust to gettheoriginal
proof to go through.

Figure2: LemmaSpeculationUsingaRipplingFailure

estinginformation. As the examplein Figure 2 illustrates,
lemmaspeculationoftenproduceslemmasthatareof math-
ematicalinterestin their own right andprove to beusefulin
futureproofs.Generalisation,which is anotherwayof patch-
ing failedinductiveproofs,alsooftengeneralisestheoriginal
conjecturein amathematicallyinterestingway.

In theotherdirection,thekind of faultdiagnosisillustrated
in Figure2 is onlypossiblebecauseof theinteractionof meta-
level andobject-level inference.It is thediscrepancy between
themeta-level expectationandtheobject-level reality thatfo-
cusesthe fault diagnosisto suggesta patchthatwill resolve
this discrepancy andallow the original proof plan to be re-
sumed. Thus,again, we seecomplementaryreasoningpro-
cessesfocus their attentionto solve a problemthat noneof
themcouldmanagealone— nor evenactingsimultaneously
but without interaction.

4 Infer enceand Learning
“To this day, we continueto �nd new techniques
and methods. There's always somethingnew to
learn.” (JosephCocking)

We have seenthe value of proof methodswhen usedby
meta-level inferenceor fault diagnosisto guideobject-level
proof search,but wheredo suchproof methodscomefrom?
Mostly, they have come from detailedanalysisof a fam-
ily of relatedproofs,and re�ection on the thinking that in-
forms experiencedmathematicalreasoners. But this is a
time-consuming,highly-skilledanderror-proneprocess.The
proof methodsthatmy groupdevelopedfor inductive proof,
for instance,tookmorethanadecadeto develop,evaluateand
re�ne. It is necessaryto maintainconstantvigilanceagainst
quick, ad hoc �x esthatwill not have generalutility andex-
planatorypower. It would be muchbetterif the processof
developingnew proofmethodscouldbeautomated.

My group has explored various machinelearning tech-
niquesto automatetheconstructionof proof methods.These
start with successfulobject-level proofs whosemeta-level
structurethey try toanalyseandabstract,in orderto formulate
new proof methods.Our earliestattemptto do this wasthe
applicationof explanation-basedgeneralisation(EBG) to the
equation-solvingdomain[Silver, 1985]. Silver's LEARNING
PRESS systemwasableto learn(sometimessimpli�ed) ver-
sionsof all theproof methodsthathadbeenhand-codedinto
our PRESS equationsolvingsystem,just by applyingEBG to
examplesof successfullysolvedequations.Later, Desimone
did thesamefor earlyversionsof ourinductiveproofmethods
[Desimone,1989].

Recently, we have explored the useof data-miningtech-
niquesto extractnew methods4 from largecorpusesof proofs
[Duncanet al., 2004]. Duncan's IsaNewT5 system�rst iden-
ti�es frequently occurring sequencesof proof stepsusing
variable-lengthMarkov models(VLMM) [Ron et al., 1996].
Then it combinesthesesequencesusinggeneticalgorithms
to join themwith branching,repetitionandmacros,usinga
languagedevelopedin [Jamniket al., 2002]. The resulting
proof methodshave beenevaluatedsuccessfullyby compar-
ing proofsuccessandtimingsona largetestcorpusof proofs
with andwithoutthenewly learnttactics.Currently, thelearnt
methodsconsistof simple,genericcombinationsof object-
level rules. They do not approachthesophisticationnor tar-
getingof many hand-craftedmethods,suchasrippling. Nor
do they provide dramaticsearchreductions. However, this
useof data-mininghasmadea promisingstart and hasthe
potentialfor muchmoredevelopment.

We have introduceda new classof reasoningprocesses
from machinelearning. Thesecomplementmeta-level in-
ferenceby constructingnew proof methodsfrom example
proofs, thus enablingmeta-level inferenceto guide object-
level proof search. The learningmethodsare, in turn, in-
formedby previoussuccessof object-level inferencein pro-

4Technically, it is just tactics thatarelearnt,ratherthanmethods,
since,asdiscussedbelow, wearecurrentlyunableto learnthemeta-
languagefor specifyingthesetactics:methodsbeingtacticstogether
with theirmeta-level speci�cations.

5Is aNew Tactic.



ducingproofs.Theiranalysisis informedby thepatternsthey
identify in theseproofs. Thuswe have a virtuoustriangleof
reasoningprocesses,eachprocessin thetriangleusinginfor-
mationfrom oneof its neighboursto assistthe otherneigh-
bour.

However, thereis a missingprocessin this story: a learn-
ing processthatcanconstructthemeta-level languageusedto
specifytheproof methods.Examplesof sucha languageare
theconceptsof wave-fronts,wave-holesandskeletons,intro-
ducedand illustratedin Figure 1. Silver's and Desimone's
EBG-basedsystemsassumedtheprior existenceof anappro-
priatemeta-level languageandusedit in the analysisof the
object-level proofs. Duncan's IsaNewT doesnot assumethe
existenceof sucha meta-language,so is, thereby, restricted
to animpoverishedlanguagefor expressingproofmethods.It
cannotuseconditionalbranching,sincetheconditionswould
have to be expressedin the missingmeta-language.It uses
non-deterministicbranchinginstead.Similarly, it cannotuse
until-loops,sinceagain the exit conditionwould have to be
expressedin the missingmeta-language.It just usesrepeti-
tion. It cannotcombinethe proof methodswith proof plan-
ning or analysefailureswith fault diagnosis,as the method
speci�cationsnecessaryto dothiswouldneedto beexpressed
in the missingmeta-language.Instead,it is reducedto con-
ductingexhaustive searchat themethodlevel, which reduces
search,but not in asdirectedawayasproofplanningis capa-
bleof.

CurrentAI learningmechanismsappearnot to becapable
of performingthelearningtaskrequiredhere:constructinga
new ontology. Thereareplenty of mechanismsfor de�ning
new conceptsin termsof old ones,but that is not suf�cient
to form a new meta-language.The conceptof wave-front,
for instance,cannotbede�ned in termsof the functionsand
predicatesin theobject-language.Here'sahardchallengefor
the next generationof machinelearningresearchers.For a
starton tacklingthischallenge,seex6.

5 Infer enceand RepresentationFormation
“Once you knowthe formula, it' s a guiding light
that will give you everythingyou want to know.”
(Mark Lallemand)

As discussedin x2, the automationof inferencerequires
that the axioms,rulesandconjecturesof a theorybe repre-
sentedin thecomputer. Wheredo suchrepresentationscome
from? In mostwork in automatedinference,eitherthey are
adopted/adaptedfrom a textbook or from previous research,
or they are the outcomeof carefulandhighly-skilled hand-
crafting. However, developinganappropriaterepresentation
is oneof the most importantpartsof problemsolving. Ap-
plied mathematics,for instance,mainly consistsof exploring
anddevelopingmathematicalrepresentationsof physicalen-
vironmentsandproblems.So,in a thoroughinvestigationof
automaticreasoning,theformationof formal representations
oughtto beacentralconcern.

In the MECHO6 Project ([Bundy et al., 1979]) we ad-
dressedthis issueby building aprogramfor solvingmechan-
icsproblemsstatedin English,with examplesdrawn from the

6MechanicsOracle.

EnglishGCE A-Level, applied-mathematicspapers,intended
for 16-18yearold pre-universityentrants.MECHO took me-
chanicsproblemsstatedin English,parsedthem,constructed
a semanticrepresentationin the form of �rst-order logic as-
sertions,extractedequationsfrom this logical representation
andthensolvedthem.Thisprocessis illustratedin Figure3.

During this process,cooperationbetweenrepresentation
formationandinferenceoccursat a numberof levels andin
severaldirections.

² The whole processof representationenablesinference,
in the form of equationsolving, to solve themechanics
problem.

² A form of non-monotonicinferenceis neededto “�esh
out” theexplicit problemstatement.Real-world objects
mustbe idealised,andthis canbe donein a variety of
ways.For instance,a shipmight beidealisedasa parti-
cle on a horizontalplanein a relative velocity problem,
but in a speci�c gravity problemit will be idealisedas
a 3D shell �oating on a liquid. The string in a pulley
problemis usually idealisedasinelasticandthe pulley
asfrictionless.MECHO usescuesto recognisetheprob-
lemtypeandthenmatchesaproblem-typeschemato the
extractedassertions,which then provides the implicit,
unstatedassertions.

² MECHO usesa form of plan formation7 to extracta set
of equationsfrom theassertions.A physicallaw is iden-
ti�ed thatrelatesthegoalsto thegivens,e.g.,F = m:a.
Theseequationsmay introduceintermediatevariables,
whichmustalsobesolvedfor, causingtheplanningpro-
cessto recurse.Preconditionsof thephysicallawsrelate
thevariablesto theassertions,enablingthelawsto bein-
stantiatedto equationsdescribingtheproblemsituation.

² Equationsolving is usedto expressthegoalvariablein
termsof the givens. This inferentialprocessis imple-
mentedusingmeta-level inference,asdescribedin x2.

² Inferenceis alsorequiredduring naturallanguagepro-
cessing,e.g., to resolve ambiguities,suchas pronoun
reference. The meta-level inferencemechanismsused
in MECHO weremotivatedby theproblemsof control-
ling inferencebothin problem-solvingandsemanticin-
terpretation,andweresuccessfulin both areas.For in-
stance,the inferential choicesarising during semantic
processingarelimited by idealisation,especiallyby the
framework imposedby problem-typeschemata.

The ideas from the MECHO project were subsequently
adaptedto theECO program,whichbuilt anecologicalsimu-
lationprogramin responseto adialoguewith auser[Robert-
son et al., 1991]. ECO incorporateda further exampleof
collaborative reasoning:a meta-level analysisof the user's
requirementswasusedto proposetwo kinds of idealisation.
ECO wasableto suggestbothidealisationsof realworld eco-
logical objects,e.g.,animals,plants,environments,etc.,and
idealisationsof theprocessesby which they interacted,e.g.,

7We called it the “Marples Algorithm” in honour of David
Marples,whowasthe�rst personwewereawareof to describethis
processin someteachingnotes.



Theinput is a mechanicsproblem,posedin English,takenfrom anappliedmathematicstextbook. This is �rst parsedto identify
its syntacticstructureandthenturnedinto a setof logical assertionsby semanticanalysis.Theseassertionsmustbe“�eshed out”
by cuingschematato provide unstated,but implicit, default information. Thegivensandgoalsof theproblemareidenti�ed and
a planningprocessis usedto instantiategeneralphysical laws into a setof simultaneousequationsfrom which thegoalscanbe
derivedfrom thegivens.ThePRESS equationsolver is thenusedto expressthegoalsin termsof thegivens.

Figure3: RepresentationsUsedby theMECHO Program

logistic growth, predator-prey equation,competitionequa-
tion, etc.

6 Infer ence,Fault Diagnosisand Ontology
Repair

“I shall try to correcterrors whenshownto beer-
rors, and I shall adopt new views so fast as they
shall appearto betrueviews” (AbrahamLincoln )

MECHO and ECO formedrepresentationswith the aid of
naturallanguageprocessingtools andinference,but from a
�x edsignature, by which I meanthevariables,functionsand
predicates,alongwith their types,thatwereusedto form the
logical formulae.However, aswe saw in x4, it is sometimes
necessaryto inventnew conceptsandto createnew functions,
predicates,types,etc.with which to representthesenew con-
cepts.

6.1 Repairing Faulty Conjectures
Alison PeaseandSimonColton's TM8 program,[Coltonand
Pease,2005], implementssomeideasof Lakatos[Lakatos,
1976] for repairingfaulty mathematicaltheories.In particu-
lar, it takesnearlytrueconjecturesandrepairstheminto the-
orems. TM achieves this by orchestrating:the OTTER the-
orem prover [McCune,1990]; the MACE counter-example
�nder [McCune,1994] andtheHR9 machinelearningsystem
[Coltonetal., 1999;Colton,2002].

Given a falseconjecture,�rst MACE is usedto �nd both
a setof counter-examplesanda setof supportingexamples.
TM then implementsLakatos's methodsof strategic with-
drawal andcounter-examplebarring to modify theoriginal,
falseconjectureinto new conjecturesthat it hopesare true.
In strategic withdrawal, HR �nds a conceptthat describesa
maximal subsetof supportingexamplesand the theoremis
specialisedto just thatconcept.In counter-examplebarring,
HR �nds aconceptthatcoversall thecounter-examples,anda

8TheoremModi�er .
9Hardy& Ramanujan.



minimalsubsetof supportingexamples,thenmakesthenega-
tion of that concepta preconditionof the revised theorem.
Thesenew conjecturesaregivento OTTER to verify. TheTM
systemthusexhibits the interactionof threekindsof reason-
ing: modelgeneration,conceptformationand inference,to
do somethingthatneitherof themcoulddo alone:correcting
faultyconjectures.An exampleis givenin Figure4.

TM was given the following faulty conjecturein Ring
Theory:

8x; y: x2 ¤ y ¤ x2 = e

wheree is themultiplicative identityelement.
MACE found 7 supporting examples and 6 counter-
examplesto this conjecture.Giventhesetwo setsof ex-
amples,HR inventedaconceptthatcanbesimpli�ed to:

8z: z2 = z + z

and usedit for strategic withdrawal. OTTER was then
ableto prove theoriginal conjecturefor just thoserings
with thisnew property.

Figure4: CorrectingaFaultyConjecturein RingTheory

HR hasalso beenuseda componentof a systemfor the
automaticgenerationof classi�cation theoremsfor algebra
modelsup to isomorphismand isotopism, [Colton et al.,
2004; Sorge et al., 2006]. This systememploys an intri-
cateinterplayof machinelearning,computeralgebra,model
generation,theoremproving andsatis�ability solving meth-
ods,andhasproducednew resultsin puremathematics.For
instance,it generatedan isotopic classi�cation theoremfor
loopsof size6, which extendedthepreviously known result
thatthereare22. This resultwaspreviouslybeyondthecapa-
bilities of automatedreasoningtechniques.

6.2 Repairing Faulty Signatures
However, notethat HR doesnot extendthe signature of the
representationlanguage. Its new conceptsare de�ned in
termsof a �x edsetof functions,relationsandtypes.In con-
trast,FionaMcNeill' s ORS10 modi�es the underlyingsigna-
ture, e.g.,by changingthe arity and typesof functionsand
predicates,andby merging or separatingfunctionsandpred-
icates[Bundyet al., 2006;McNeill, 2005]. ORS is designed
for a virtual world of interactingsoftwareagents.It achieves
its goalsby forming and executingplansthat combinethe
servicesof otheragents.

However, theseplansare fallible andmay fail on execu-
tion. Planformationcanbeviewedasanautomatedproof of
anexistentialtheorem,wherethewitnessof theexistentially
quanti�ed variableis a plan, and the proof shows that this
plan is guaranteedto achieve its goal. This plan may, nev-
ertheless,fail to execute,becausetheplanningagent's world
modelis faulty. In particular, its theoryof thecircumstances
underwhichotheragentswill performcertainservicesareex-
pressedaspreconditionsof actionrules. However, theother
agentsmayhave differentversionsof theseactionrules.The

10OntologyRepairSystem.

planningagentmustdiagnosethefaultwith its versionof the
rule; repairtherule; andreplanwith theamendedrule. This
repairmay just consistof addingor deletinga precondition,
or it maygo deeper, requiringa changeto thesignaturewith
which thepreconditionsareexpressed.An exampleis given
in Figure5.

Supposethattheplanningagent'splancontainsanaction
to payahotelbill, representedas

(Pay PA Hotel $200)

wherePA is theplanningagent.This actionfails on ex-
ecution. Justprior to failure there is a short dialogue
with theHotel agent.Suchinter-agentdialoguesarethe
normalway to checkthosepreconditionsof whosetruth
valuetheserviceproviding agentis unsure.Theplanning
agentis expectingto beasked

(Money PA $200)

However, it is surprisedto beasked

(Money PA $200 credit card)

instead.This suggeststhat theHotel agenthasa ternary
versionof theMoney predicate,ratherthantheplanning
agent's binary predicate.In order to communicatesuc-
cessfullywith the Hotel agent,the planningagentmust
changethe arity of its Money predicateaccordinglyand
replan.

Figure5: RepairinganOntologySignature

ORS employsinteractionsbetweenthreekindsof reasoning
process:inferencein the form of plan formation;fault diag-
nosisof thefailuresof planexecutionandany dialogueprior
to this failure; and mechanismsfor repairingfaults in both
the theoryandthe signatureof its ontology. The fault diag-
nosisworksby a simpledecisiontree,in which thenotionof
beingaskeda surprisingquestion(or not) is a key diagnostic
cue.It assumesacontext in which thereis a largemeasureof
ontologicalagreementbetweeninteractingagents,but some
critical differencesthat, uncorrected,will causethe agents'
plansto fail. Thiscontext mightarise,for instance,wherethe
agentshave tried to adhereto someontologicalstandard,but
differentversionsandlocal customisationhave createdcriti-
cal differences.It canhelpwheretheontologicaldifferences
only requirelocalisedrepairs,but wheresuchrepairsmustbe
doneatruntimeandwithouthumanintervention,for instance,
wherevery largenumbersof softwareagentsareinteracting
over theinternet.

An agentcan use inferenceto form plans to achieve its
goals,but theseareonlyguaranteedtosucceedwhenits world
modelis perfect.Sinceperfectworld modelsare,in practice,
unattainable,a successfulagentmustalsobeableto repaira
faultyworld model.This requirestheinteractionof inference
with fault detection,diagnosisandrepair. Fault detectionre-
quiresinferenceto provide a failedplan. Fault diagnosisre-
quiresa fault to bedetectedandthe failedplan for analysis,
togetherwith further inferenceaboutthe stateof the world
andhow it differsfrom theworld model.Fault repairrequires
a diagnosisof thefault. Successfulinferencerequiresthere-



pairedworld model. Thesereasoningprocessesthusconsti-
tutea virtuouscircle,which incrementallyimprovesthesuc-
cessof theagentin attainingits goals.

7 Conclusion
“Come together” (John Lennon& Paul McCart-
ney)

In thispaperwehave beendefendingthehypothesisthat:

By complementingeach other, cooperating reason-
ing processcanachievemuch morethanthey could
if they onlyactedindividually.

Wehavepresentedevidencein favourof thishypothesisaccu-
mulatedovermorethan30yearswithin my researchgroup11.
In particular, we have seenhow processesof inference,at
both objectandmeta-level, planning,fault diagnosis,learn-
ing, counter-example �nding, representationformation and
ontologyrepaircaninteract. It is not just that differentpro-
cessesdealwith differentpartsof thetask,but thattheweak-
nessesin oneprocessarecomplementedby strengthsin an-
other, leadingto the moreef�cient andeffective runningof
eachprocessand of their combination. Searchthat would
overwhelmaninferenceprocessrunningon its own, is effec-
tively guidedwhen two inferenceprocessesrun in tandem.
Faults that would otherwiseremain undetected,are made
manifestby the mismatchingexpectationsof two inference
processes.Formal representationsrequiredto performinfer-
enceareformedwith theaidof inference.New proofmethods
neededto guideinferencearecreatedby learningfrom previ-
ouslysuccessfulexamplesof inference.Faultyworld models
aredetected,diagnosedandrepaired.

AI hasbecomefragmentedover thelast30 years.Thede-
velopmentof robust,scalableAI systemsto emulatethemany
facetsof intelligencehasproven to be much more dif�cult
than envisagedby the AI pioneersof the 50s and 60s. To
make the task tractable,we divided ourselves into smaller,
specialisedcommunities,organisedourown conferencesand
journals,and developeda separateseriesof techniquesfor
eachof the different facetsof intelligence. We have made
enormousprogress.Our techniquesaretheoreticallywell un-
derstood,robust andapplicableto importantpracticalprob-
lems. But, taken individually, they eachsuffer from severe
limitationsof rangeandautonomy.

One lessonfrom this paperis that perhapsthe time has
cometo reintegrateArti�cial Intelligence; to discover how
the limitationsof onekind of techniquecanbeovercomeby
complementingit with another;to realisethat togetherwe
havealreadyachievedmuchmorethanwehadrealisedwhen
wewereapart.

References
[Benzm̈uller andSorge,2001] Christoph Benzm̈uller and

Volker Sorge. OANTS – anopenapproachat combining
interactive andautomatedtheoremproving. In M. Kerber

11Lots of other groupshave accumulatedsimilar evidence,but
surveying thatis beyondthescopeof thecurrentpaper(seex1).

andM. Kohlhase,editors,8th Symposiumon the Integra-
tion of SymbolicComputationandMechanizedReasoning
(Calculemus-2000), pages81–97,St. Andrews, UK, 6–7
August2001.AK Peters,New York, NY, USA.

[BundyandWelham,1981] A. Bundy andB. Welham. Us-
ing meta-level inferencefor selective applicationof mul-
tiple rewrite rulesin algebraicmanipulation.Arti�cial In-
telligence, 16(2):189–212,1981. Also availablefrom Ed-
inburghasDAI ResearchPaper121.

[Bundyetal., 1979] A. Bundy, L. Byrd, G. Luger, C. Mel-
lish, R. Milne, andM. Palmer. Solving mechanicsprob-
lemsusingmeta-level inference.In B. G. Buchanan,edi-
tor, Proceedingsof IJCAI-79, pages1017–1027.Interna-
tional Joint Conferenceon Arti�cial Intelligence,1979.
Reprintedin `ExpertSystemsin the microelectronicage'
ed. Michie, D., pp. 50-64, Edinburgh University Press,
1979.Also availablefrom EdinburghasDAI ResearchPa-
perNo. 112.

[Bundyetal., 1991] A. Bundy, F. vanHarmelen,J.Hesketh,
andA. Smaill. Experimentswith proof plansfor induc-
tion. Journal of AutomatedReasoning, 7:303–324,1991.
Earlierversionavailablefrom EdinburghasDAI Research
PaperNo 413.

[Bundyetal., 2005a] A. Bundy, D. Basin, D. Hutter, and
A. Ireland.Rippling: Meta-level Guidancefor Mathemat-
ical Reasoning, volume56 of Cambridge Tracts in The-
oretical ComputerScience. CambridgeUniversity Press,
2005.

[Bundyetal., 2005b] A. Bundy, J. Gow, J. Fleuriot, and
L. Dixon. Constructinginductionrulesfor deductive syn-
thesisproofs.In S.Allen, J.Crossley, K.K. Lau,andI Po-
ernomo,editors,Proceedingsof theETAPS-05Workshop
on ConstructiveLogic for AutomatedSoftware Engineer-
ing (CLASE-05),Edinburgh, pages4–18.LFCSUniversity
of Edinburgh,2005. Invited talk.

[Bundyetal., 2006] A. Bundy, F. McNeill, and C. Wal-
ton. On repairingreasoningreversalsvia representational
re�nements. In Proceedingsof the 19th International
FLAIRSConference, pages3–12.AAAI Press,2006. In-
vited talk.

[Bundy, 1985] Alan Bundy. Discovery and reasoningin
mathematics.In A. Joshi,editor, Proceedingsof IJCAI-85,
pages1221–1230.InternationalJointConferenceon Arti-
�cial Intelligence,1985.Also availablefrom Edinburghas
DAI ResearchPaperNo. 266.

[Bundy, 1988] A. Bundy. Theuseof explicit plansto guide
inductiveproofs.In R. LuskandR. Overbeek,editors,9th
InternationalConferenceon AutomatedDeduction, pages
111–120.Springer-Verlag,1988.Longerversionavailable
from EdinburghasDAI ResearchPaperNo. 349.

[Bundy, 1991] Alan Bundy. A scienceof reasoning.In J.-
L. LassezandG. Plotkin, editors,ComputationalLogic:
Essaysin Honor of Alan Robinson, pages178–198.MIT
Press,1991. Also available from Edinburgh asDAI Re-
searchPaper445.



[Bundy, 2001] Alan Bundy. The automationof proof by
mathematicalinduction.In A. RobinsonandA. Voronkov,
editors,Handbookof AutomatedReasoning, Volume1. El-
sevier, 2001.

[CastelliniandSmaill,2005] Claudio Castellini and Alan
Smaill. Proof planning for �rst-order temporal logic.
In Robert Nieuwenhuis,editor, AutomatedDeduction–
CADE-20, volume3632of LectureNotesin ComputerSci-
ence, pages235–249.Springer, 2005.

[ColtonandPease,2005] S. Colton andA. Pease.The TM
systemfor repairingnon-theorems.Electronic Notesin
TheoreticalComputerScience, 125(3),2005.Elsevier.

[Coltonetal., 1999] S Colton,A Bundy, andT Walsh. HR:
Automaticconceptformationin puremathematics.In Pro-
ceedingsof the16thInternationalJointConferenceonAr-
ti�cial Intelligence, Stockholm, Sweden, pages786–791,
1999.

[Coltonetal., 2004] S. Colton, A. Meier, V. Sorge, and
R. McCasland.Automaticgenerationof classi�cationthe-
oremsfor �nite algebras”.In Proceedingsof theInterna-
tional Joint ConferenceonAutomatedReasoning, 2004.

[Colton,2002] S Colton. AutomatedTheoryFormation in
PureMathematics. Springer-Verlag,2002.

[Desimone,1989] R. V. Desimone. Explanation-Based
Learningof ProofPlans.In Y. Kodratoff andA. Hutchin-
son,editors,MachineandHumanLearning. KoganPage,
1989.Also availableasDAI ResearchPaper304.Previous
versionin proceedingsof EWSL-86.

[Duncanetal., 2004] H. Duncan, A. Bundy, J. Levine,
A. Storkey, andM. Pollet. Theuseof data-miningfor the
automaticformationof tactics.In WorkshoponComputer-
SupportedMathematicalTheoryDevelopment. IJCAR-04,
2004.

[Gow, 2004] J. Gow. The DynamicCreation of Induction
RulesUsing Proof Planning. PhD thesis,Schoolof In-
formatics,Universityof Edinburgh,2004.

[IrelandandBundy, 1996] A. IrelandandA. Bundy. Produc-
tiveuseof failurein inductiveproof. Journalof Automated
Reasoning, 16(1–2):79–111,1996. Also available from
EdinburghasDAI ResearchPaperNo 716.

[IrelandandStark,2001] A. IrelandandJ.Stark.Proofplan-
ningfor strategy development.Annalsof Mathematicsand
Arti�cial Intelligence, 29(1-4):65–97,February2001. An
earlier versionis availableas ResearchMemo RM/00/3,
Dept. of Computingand Electrical Engineering,Heriot-
WattUniversity.

[Irelandetal., 2006] A. Ireland, B.J. Ellis, A. Cook,
R. Chapman,and J Barnes. An integratedapproachto
high integrity softwareveri�cation. Journal of Automated
Reasoning:SpecialIssueon EmpiricallySuccessfulAuto-
matedReasoning, 2006.To appear.

[Ireland,1992] A. Ireland. The Useof PlanningCritics in
MechanizingInductive Proofs. In A. Voronkov, editor,
InternationalConferenceon Logic ProgrammingandAu-
tomatedReasoning– LPAR 92, St. Petersburg, Lecture

Notesin Arti�cial IntelligenceNo. 624, pages178–189.
Springer-Verlag,1992. Also availablefrom Edinburgh as
DAI ResearchPaper592.

[Jamniketal., 2002] M. Jamnik,M. Kerber, andM. Pollet.
Automatic learningin proof planning. In F. van Harme-
len,editor, Proceedingsof 15thECAI, pages282–286.Eu-
ropeanConferenceon Arti�cial Intelligence,IOS Press,
2002.
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