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Abstract

Usingthe achiezementsof my researchgroupover
thelast30+years|| provide evidenceto supporthe
following hypothesis:

By complementingad other coopeat-
ing reasoningprocesscan achieve mud
more than they could if they only acted
individually.

Most of the work of my group hasbeenon pro-
cessedor mathematicateasoningandits applica-
tions, e.g.to formal methods. The reasoningpro-
cessesve have studiedinclude:

Proof Search: by meta-leel inference, proof
planning,abstractionanalogy symmetryand
reasoningvith diagrams.

RepresentationDiscovery, Formation and Evolution:
by analysing,diagnosingandrepairingfailed
proof and planning attempts, forming and
repairingnewv conceptsand conjecturesand
forming logical representationsf informally
statedproblems.
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Other: learningof new proof method€rom exam-
ple proofs, nding counterexamples,reason-
ing underuncertainty the presentatiorof and
interactionwith proofs,the automationof in-
formalargument.

In particular we have studiedhow thesedifferent
kinds of processcan complementachother and
cooperatdo achiere complec goals.

We have appliedthis work to the following areas:
proof by mathematicainductionandco-induction;
analysis; equationsolving, mechanicsproblems;
the building of ecologicalmodels;the synthesis,
veri cation, transformationand editing of both
hardwareandsoftware,including logic, functional
and imperative programs,security protocolsand
processalgebras;the con guration of hardware;
gameplayingandcognitive modelling.

1 Intr oduction
“Many handsmale light work” (JohnHeywood)

Much researchn Arti cial Intelligenceconsistof invent-
ing or developinga new technique:analysingandestablish-
ing its properties,implementingand testingit, comparing
it with rival techniquedor the sametask, etc. Otherwork
consistf combiningseveraltechniquesnto acomple sys-
temthat solves problems,modelsnaturalsystemsegtc. It is
commonlyobsenred that complementargyechniquesanas-
sist eachother extendingtheir rangeof automationand/or
effectiveness.For instance this wasthe themeof a previous
1JCAI paperof mine[Bundy, 1983. It is notjustthatdifferent
techniquesreneededo tackledifferentaspect®f acomple
task; onetechniquecanalsoassistanotherby addressingts
shortcomingsIn the currentpaperwe examinethis obsena-
tion in more detail, giving examplesof how techniquesan
complementeachother:achiezing morethanthe sumof their
parts.Theexamplesaredravn from thework of my research
group,over morethan30 years,aimedat automatingnathe-
maticalreasoning.

This samepoint could be illustrated by mary piecesof
work. However, giventhe context of this paperandthe space
limitations of the 13CA1-07 proceedingsl| have limited my-
selfto work in which | playedsomerole, albeita smallone



in somecases.My apologiesto thosepeoplewhosework |
have not suneyed; profuseapologiedo thosel have noteven
cited.

2 Object-level and Meta-level Inference

“Not all whowanderarelost” (JohnRonaldReuel
Tolkien)

Much of our work hasbeenon automaticinference,es-
pecially proving mathematicatheorems.Most work in this
areabuilds on mathematicalogic, which is usedto represent
the conjecturego be proved, the axiomsof the theoriesin
which they areto be proved, andthe rulesof inferencewith
which they areto be proved. Theselogical formulae pro-
vide a searh spaceof potentialproof steps.Typically, proof
searchis conductedackwards,startingwith theoriginal con-
jectureasthe main goal andapplyingthe rules of inference
backwardsto exchangesachgoalfor a setof subgoals Nav-
igating this searchspaceis the major problemin automated
theoremproving. It is calledthecombinatorialexplosion be-
causethe numberof subgoalsncreasesuperexponentially
with thelengthof the proof, rapidly swampingthecomputers
memoryfor all but trivial problems.

Humanmathematiciansucceedn navigating thesehuge
searctspacedy steppingoackfrom thelow-level detailsand
thinking ata higherlevel aboutthe natureof the problemand
the suitability of their tools for solving suchproblems. We
have beentrying to emulatethis high-level thinking in our
automategrovers.In particular we have implementecgroof
searchassimultaneousndcooperatingnferenceat two lev-
els: the object-level, in which the original conjecture the-
ory andrulesareexpressedandthe meta-leel, in which the
proof methodsarespeci ed andthe conjecturesanalysedin
meta-level inference the conjectureis analysed,a suitable
proof methodidenti ed and applied, progressis measured
andthe procesgecurses.n this way, inferenceat the meta-
level directsinferenceat the object-level, avoiding unproduc-
tive partsof the searchspaceandmaking proof searchcom-
putationallytractable.

We have appliedthis two-level approactmary times, but
most notably in the domainsof equationsolving using the
PrEss! system[Bundy and Welham, 1981; Sterling et al.,
1989 and inductive theoremproving using Clam/Oyster
[Bundyetal., 1991;Bundy, 2001. The latestrealisationof
this ideais proof planning, [Bundy, 1988;1991], in which
proofmethodsarespeci edassTrIPs-likeplanoperatorand
planformationis usedto custom-lild a proof planfor each
conjecture.

To illustrate theseideas! will describerippling, a proof
methodfor reducingthe differencebetweena goal andone
or moregivens[Bundyetal., 20054. It frequentlyoccursin
mathematicshatthe goalto be provedis syntacticallysimi-
lar to a“given”, i.e. a hypothesisassumptioror axiom. This
occurs,mostnotably in inductive proof, wheretheinduction
conclusionandinductionhypothesishave strongsimilarities
by construction.Rippling wasoriginally developedfor such

'PrologEquationSolving System.
2And in laterproof plannerssuchas, ClamandlsAPLANNER

inductive proofs,but we have found widespreadapplications
in othertypesof problem. Typically, we wantto rewrite the
goal in sucha way asto separatehe similarities and dif-
ferenceswhile preservingthe similarities. This enableghe
given(s)to be usedto prove all or part of the transformed
goal. We canvisualisethis processby annotatingthe goal
andthe given(s)with their similarities and differences(see
Figurée® 1).

t<> (y<> z)=(t<> y)<> z

h::t' (h::t"

< (y<> 2) <> y)<> z

hit<> (y<> 2z) = hit<>y) <>z

hit<> (y<> 2z) = hi(t<> y)<> z

h=hrt<> (y<> 2)= (<> y)<> 2

The exampleshaws the stepcaseof an inductive proof
of theassociatiity of list appendwhere<> isthein x
notationfor appendand:: is thein x notationfor cons.
* separatetheinductionhypothesigthegiven)from the
inductionconclusion(the goal). Theformulaeareanno-
tatedto shav thedifferencesindsimilaritiesbetweerthe
givenandthe goal. The grey boxesindicatethe partsof
the goal which differ from the given. They are called
wave-fronts. Each wave-front hasone or more wave-
holes indicatingsub-termf the wave-frontswhich cor
respondo partsof the given. The partsof the goal out-
sidethe wave-frontsor insidethe wave-holes arecalled
the skeleton. The skeletonalwaysmatchegheinduction
hypothesis. The arrows indicatethe direction of move-
mentof thewave-fronts— in this caseoutwardsthrough
thegoaluntil they completelysurrouncthe skeleton.

The rules are also annotatedand annotationmust also
matchwhenrulesareapplied. Suchannotatedulesare
calledwave-rules. The mainwave-ruleusedin this ex-
ampleis:

H:T <>L) H:uT<>1L

which is takenfrom the stepcaseof therecursve de ni-
tionof <> .

Note how the grey boxes get bigger at eachwave-rule
applicationwith more of the skeletonembeddedvithin
them,until they containacompletenstanceof thegiven.

Figurel: The Associatvity of AppendusingRippling

Rippling successfullyguidesproof searchoy ensuringthat
the skeletongetslarger until it matchegshe givens. At this
point the givenscan be usedto prove the goal. It hasbeen
successfullyappliedin induction, summingseries,analysis
anda variety of otherareas.More importantly if andwhen

3Tip to readerthemathematicatietailsareoptionalandhave all
beenputin gures separatedrom themaintext.



it fails, the natureof the failure canbe usedto suggest way
to patchtheproofattemptandto recover from thefailure(see
x3).

Meta-level inferencepravides least-commitmentlevices,
suchasmeta-ariableswhich canbeusedto postponesearch
decisions. For instance,in inductive proof, choosingan
appropriateinduction rule is an in nite branchingpoint in
the search:thereis aninductionrule correspondingo each
well-orderingof eachrecursve data-structuresuchas nat-
ural numbers,lists, trees,sets,etc. The key to a success-
ful inductionis oftento chooseaninductionrule thatinserts
wave-frontsinto theinductionconclusionfor which thereare
matchingwave-rules,so that rippling is successful.We can
turn this requirementon its headby postponingthe choice
of inductionrule, insertinghigherorder meta-\ariablesinto
the induction conclusionto standfor the unknavn wave-
front, usinghigherorderuni cation to instantiatehesemeta-
variablesduringrippling, andretrospectiely choosinganin-
ductionrule whenthewave-frontsarefully instantiatedThis
signi cantly reduceshe searchproblemby moving it from
a place (the choice of induction rule) wherethe branching
isin nite, to aplace(rippling) whereit is highly constrained.
Becausave areeffectively developingthemiddleof the proof
beforethe beginning or the end, we call this searchmoving
techniquemiddle-outreasoning in contrastto top-dovn or
bottom-upreasoning.

We have appliedmiddle-outreasoningo the choiceof in-
ductionrule in two PhD projects.Initially, Ina Kraanusedit
to selectanappropriaténductionrule from a pre-determined,

nite setof rules, as part of a projectto synthesisdogic
programsfrom their speci cations[Kraanet al., 199d. In
this project, Kraan also usedmiddle-outreasoningto syn-
thesisethe logic program. More recently JeremyGow ex-
tendedmiddle-outreasoningo createandverify new induc-
tion rules, customisedo the currentconjectureGow, 2004;
Bundyetal., 20054.

Proofplanningis now athriving researcharea,with mary
applicationsandextensionsfor instance:

2 The - MEGA proof planner[Siekmannet al., 2004,
which hasheenappliedto awide rangeof areasn math-
ematics;

2 Applicationsto the combinationand augmentatiorof
decisionproceduregJancic andBundy, 2002;

2 Multi-agent proof planning [Benznilller and Somge,
2001;

2 Reasonin@gboutfeatureinteractionin rst-order tempo-
ral logic [CastelliniandSmaill, 2004

2 Multi-strategy proof planning[Melis etal., 2004 .

| have alsoproposedt asthe basisfor a“Scienceof Reason-
ing”, in which proof plansprovide a multi-level understand-
ing of the structureof proofs[Bundy, 1991]

Meta-level inference, and proof planning in particular
shavs how two complementarynferenceprocessesaninter-
actto reducethe amountof searchandovercomethe combi-
natorialexplosion. Meta-level analysismatchesobject-level
goalsto the proof methodsbestsuitedto solve them,cutting

outalot of legal, but unproductve, object-level, rule applica-
tions. Middle-out reasoningcanrearrangehe searchspace,
postponingdif cult searchdecisionauntil they aremadeeas-
ier asa side-efect of othersearchdecisionsTheobject-level

inferencethen providesthe goalsthat form the ammunition
for thenext stageof meta-level analysis.

3 Inferenceand Fault Diagnosis

“The bestlaid plans of mice and men gang aft
aglay”’ (RabbieBurns)

Like all plans,proof plansare not guaranteedo succeed.
Whenthey fail, recovery requiresanotherkind of reasoning
process:fault diagnosis When standardobject-level proof
searclfails,theusualresponsés for theproofsearcto back-
up to someearlier choice point and retry. Proof planning
enablesa more productie useto be madeof failure. The
mismatchbetweerthe situationanticipatedat the meta-level
andthesituationobtainingat the object-level providesanop-
portunityto analysethe failure andproposea patch. Human
mathematicianglso make a productve useof failure. See,
for instance[van der Waerden1971] for an exampleof re-
peatedplanfailure andpatchingin an,eventuallysuccessful,
attemptto prove achallengingconjecture.

Consider as anotherexample, a failure of the rippling
methodoutlinedin x2. This might occut for instance be-
causethereis no rule availableto ripple the wave-front out
onemore stage. From the meta-leel inferencethat formed
therippling-basegroofplan,we canextractapartialdescrip-
tion of theform thatthe missingwave-ruleshouldtake. This
is bestillustratedby anexample.SeeFigure?2.

We have implementedhis kind of fault diagnosisandre-
pair within our proof planningframevork using proof critics
[Ireland,1992;IrelandandBundy, 1996. The original work
explored waysto recover from differentkinds of failure of
rippling, suggestingyariously new forms of induction,case
splits, generalisationandintermediatdemmas. Later work
by Irelandandhis co-workershasextendedthis to discover-
ing loopinvariantsin theveri cation of imperative programs
[Ireland and Stark, 2001. They have recentlyappliedthis
work to industrialveri cation by extendingandsuccessfully
evaluating Praxis' automatedprover [Ireland et al., 2004 .
DeepakKapur and M. Subramaniamhave also developed
similarmethoddor lemmadiscoveryin induction[Kapurand
Subramaniam1996. Raul Monroy hasusedcritics for the
correctionof falseconjecturegMonroy et al., 1994, which
requireshe additionalreasoningprocesof abduction More
recently Monroy hasappliedhis techniquedo higherorder
faulty conjecturesleadingto the automatidformationof new
theories,suchas monoids[Monroy, 2001]. AndreasMeier
andEricaMelis have adaptedheir multi-stratgly MULTI sys-
tem to include failure analysisand the automaticproposal
of “rgcommendations’io overcomethem[Meier and Melis,
2004.

Fault diagnosisof an earlier failure suggeststhe most
promisingalternatve proof attempt. It removesthe needfor
blind backtrackingremoving legal, but unproductve choices
from thesearclspaceandhelpingto defeathe combinatorial
explosion. Moreover, the proof patchesoften provide inter



revirev(l)) = |
revirev( h:t " ) = h:it "

rev(rev(t) /<> (hanil) )= il

blocked

rev is alist reversingfunction. The exampleis taken
from a failed proof that reversinga list twice will give
youtheoriginallist. Supposehat,initially, theonly rule
availableis:

rev(H =T )) rev(T) <> (H :nil)
The ripple attemptwill fail becauseno rule matches
the left hand side of the goal, so the wave-front can-
not be moved one stagefurther outwards. However, by
analysingheblockedripple, faultdiagnosicanwork out
thatthe missingwave-ruleshouldtake the form:

rev( X <> Y ")) F(rev(X);X;Y)"

where F standsfor some unknavn function, repre-
sentedby a higherordermeta-ariable. If we allow the

proof to continueusingthis missingwave-rule schema,
thenthe proof will succeedinstantiatingF (u; v; w) to

rev(w) <> uintheprocessWe now discoverthemiss-
ing wave-ruleto be:

rev( X <> Y ")) rev(Y) <> rev(X) "

which mustbe provedasalemmato completethe proof.
Note that this lemmais a distributive law of <> over
rev, andis aninterestingheoremin its own right, rather
thanjustanarbitraryhackneededust to getthe original
proofto gothrough.

Figure2: LemmaSpeculatiorsinga Rippling Failure

estinginformation. As the examplein Figure 2 illustrates,
lemmaspeculatioroften producedemmasthat are of math-
ematicalinterestin their own right and prove to be usefulin

futureproofs. Generalisationwhichis anothemway of patch-
ing failedinductive proofs,alsooftengeneralisethe original
conjecturén amathematicallynterestingway.

In theotherdirection,thekind of faultdiagnosisllustrated
in Figure2is only possiblebecausef theinteractionof meta-
level andobject-level inference lt is thediscrepang between
themeta-lerel expectationrandthe object-level reality thatfo-
cuseghe fault diagnosisto suggest patchthatwill resolhe
this discrepang andallow the original proof plan to be re-
sumed. Thus, agnin, we seecomplementaryeasoningpro-
cessedocustheir attentionto solve a problemthat noneof
themcould managealone— nor even actingsimultaneously
but without interaction.

4 Inferenceand Learning

“To this day, we continueto nd new techniques
and methods. Ther's always somethingnew to
learn’ (JosephCoding)

We have seenthe value of proof methodswhen usedby
meta-level inferenceor fault diagnosisto guide object-level
proof search but wheredo suchproof methodscomefrom?
Mostly, they have come from detailed analysisof a fam-
ily of relatedproofs, andre ection on the thinking that in-
forms experiencedmathematicalreasoners. But this is a
time-consuminghighly-skilledanderrorproneprocessThe
proof methodsthat my groupdevelopedfor inductive proof,
for instancetook morethana decaddo develop,evaluateand
re ne. It is necessaryo maintainconstantigilanceagainst
quick, ad hoc x esthatwill not have generalutility andex-
planatorypower. It would be muchbetterif the processof
developingnew proof methodscouldbe automated.

My group has explored various machinelearning tech-
niquesto automatehe constructiorof proof methods.These
start with successfulobject-level proofs whose meta-level
structurehey try to analyseandabstractin orderto formulate
newv proof methods. Our earliestattemptto do this wasthe
applicationof explanation-basedeneralisatiofEBG) to the
equation-solvinglomain[Silver, 1989. Silver's LEARNING
PRESS systemwasableto learn(sometimesimpli ed) ver
sionsof all the proof methodghathadbeenhand-codednto
our PRESS equationsolving systemjust by applyingesG to
examplesof successfullysolved equations.Later, Desimone
did thesaméor earlyversionof ourinductive proofmethods
[Desimone1989.

Recently we have exploredthe useof data-miningtech-
niquesto extractnew method$ from large corpuse®f proofs
[Duncanetal., 2004 . Duncans IsaNevT® systemrst iden-
ties frequently occurring sequence®f proof stepsusing
variable-lengthMarkov models(vLmMm) [Ronet al., 1994.
Thenit combinesthesesequencesising geneticalgorithms
to join themwith branching,repetitionand macros,usinga
languagedevelopedin [Jamniket al., 2004. The resulting
proof methodshave beenevaluatedsuccessfullypy compar
ing proofsuccessndtimingson a largetestcorpusof proofs
with andwithoutthenewly learnttactics.Currently thelearnt
methodsconsistof simple, genericcombinationsof object-
level rules. They do not approactthe sophisticatiomor tar
getingof mary hand-craftednethodssuchasrippling. Nor
do they provide dramaticsearchreductions. However, this
useof data-mininghasmadea promisingstartand hasthe
potentialfor muchmoredevelopment.

We have introduceda new classof reasoningprocesses
from machinelearning. Thesecomplementmeta-level in-
ferenceby constructingnew proof methodsfrom example
proofs, thus enablingmeta-level inferenceto guide object-
level proof search. The learning methodsare, in turn, in-
formedby previous succes®f object-level inferencein pro-

“Technicallyit is justtactics thatarelearnt,ratherthanmethods,
since,asdiscussedbelon, we arecurrentlyunableto learnthe meta-
languagdor specifyingthesetactics:methodseingtacticstogether
with their meta-level speci cations.

5ls aNew Tactic.



ducingproofs. Theiranalysids informedby the patternghey
identify in theseproofs. Thuswe have a virtuoustriangle of
reasoningprocessegachprocessn thetriangleusinginfor-
mationfrom one of its neighbourgo assistthe otherneigh-
bour

However, thereis a missingprocessn this story: a learn-
ing procesghatcanconstructhe meta-level languageaisedto
specifythe proof methods.Examplesof suchalanguageare
the conceptof wave-fronts,wave-holesandskeletonsjntro-
ducedandillustratedin Figure 1. Silver's and Desimones
EBG-basedsystemsassumedhe prior existenceof anappro-
priate meta-level languageandusedit in the analysisof the
object-level proofs. Duncans IsaNevT doesnot assumehe
existenceof sucha meta-languagesois, thereby restricted
to animpoverishedanguagdor expressingproof methodslt
cannotuseconditionalbranching sincethe conditionswould
have to be expressedn the missingmeta-languagelt uses
non-deterministibranchinginstead.Similarly, it cannotuse
until-loops, sinceagain the exit conditionwould have to be
expressedn the missingmeta-languagelt just usesrepeti-
tion. It cannotcombinethe proof methodswith proof plan-
ning or analysefailureswith fault diagnosis,asthe method
speci cationsnecessarto dothiswould needto beexpressed
in the missingmeta-languagelnsteadi,it is reducedo con-
ductingexhaustve searchatthe methodlevel, which reduces
searchput notin asdirectedaway asproof planningis capa-
ble of.

CurrentAl learningmechanismsppeamot to be capable
of performingthe learningtaskrequiredhere:constructinga
new ontology Thereareplenty of mechanismgor de ning
new conceptsn termsof old ones,but thatis not sufcient
to form a newv meta-language.The conceptof wave-front,
for instancecannotbe de ned in termsof the functionsand
predicatesn theobject-language-ere's ahardchallengeor
the next generationof machinelearningresearchersFor a
starton tacklingthis challenge seex6.

5 Inferenceand RepresentationFormation

“Once you knowthe formula, it's a guiding light
that will give you everythingyou want to know'
(Mark Lallemand)

As discussedn x2, the automationof inferencerequires
that the axioms,rulesand conjecturef a theory be repre-
sentedn the computer Wheredo suchrepresentationsome
from? In mostwork in automatednference eitherthey are
adopted/adaptefilom a textbook or from previous research,
or they arethe outcomeof carefuland highly-skilled hand-
crafting. However, developingan appropriateepresentation
is one of the mostimportantpartsof problemsolving. Ap-
plied mathematicsfor instancemainly consistf exploring
anddevelopingmathematicatepresentationsf physicalen-
vironmentsandproblems.So, in athoroughinvestigation of
automaticreasoningthe formationof formal representations
oughtto beacentralconcern.

In the MECHO® Project ([Bundy et al., 1979) we ad-
dressedhisissueby building a programfor solvingmechan-
icsproblemsstatedn English,with examplesdravn from the

5Mechanicracle.

EnglishGCE A-Level, applied-mathematicsapersjntended
for 16-18yearold pre-unversity entrants. MECHO took me-
chanicsproblemsstatedn English,parsed¢hem,constructed
a semanticrepresentatioin the form of rst-order logic as-
sertions extractedequationsrom this logical representation
andthensolvedthem. This processs illustratedin Figure3.

During this process,cooperationbetweenrepresentation
formationandinferenceoccursat a numberof levelsandin
severaldirections.

2 Thewhole processof representatioenablesnference,
in the form of equationsolving, to solve the mechanics
problem.

2 A form of non-monotonidnferenceis neededo “ esh
out” theexplicit problemstatementReal-world objects
mustbe idealised,andthis canbe donein a variety of
ways. For instancea shipmight beidealisedasa parti-
cle on a horizontalplanein arelative velocity problem,
but in a speci ¢ gravity problemit will be idealisedas
a 3D shell oating on a liquid. The stringin a pulley
problemis usuallyidealisedasinelasticandthe pulley
asfrictionless.MECHO usescuesto recognisehe prob-
lemtypeandthenmatches problem-typeschemdo the
extractedassertionswhich then provides the implicit,
unstatedassertions.

2 MECHO usesa form of planformatiorf to extracta set
of equationgrom theassertionsA physicallaw is iden-
tied thatrelateshegoalsto thegivens,e.g.,F = m:a.
Theseequationsmay introduceintermediatevariables,
whichmustalsobesolvedfor, causinghe planningpro-
cesdo recursePrecondition®f the physicallawsrelate
thevariablego theassertionsgnablingthelawsto bein-
stantiatedo equationgiescribingthe problemsituation.

2 Equationsolvingis usedto expressthe goal variablein
termsof the givens. This inferential processs imple-
mentedusingmeta-lerel inference asdescribedn x2.

2 |Inferenceis alsorequiredduring naturallanguagepro-
cessing,e.g., to resole ambiguities,suchas pronoun
reference. The meta-level inferencemechanismsised
in MECHO were motivatedby the problemsof control-
ling inferencebothin problem-solvingandsemantidn-
terpretationandwere successfuin both areas.For in-
stance,the inferential choicesarising during semantic
processingrelimited by idealisationespeciallyby the
framavork imposedby problem-typeschemata.

The ideasfrom the MECHO project were subsequently
adaptedo the Eco program which built anecologicalsimu-
lation programin responséo a dialoguewith a user[Robert-
sonetal., 1991. Eco incorporateda further example of
collaboratve reasoning:a meta-level analysisof the users
requirementsvas usedto proposetwo kinds of idealisation.
Eco wasableto suggesbothidealisation®f realworld eco-
logical objects,e.g.,animals,plants,ernvironments etc.,and
idealisationsf the processedy which they interactede.g.,

"We called it the “Marples Algorithm” in honour of David

Marples,whowasthe rst personwe wereawareof to describethis
processn someteachingnotes.



Schemata
Pulley System:

mass(str,0,p)

coeff(pull,0)

Cuing

Text Parse Tree Assertions

A string AN _ isa(pulley,pull)
passing over Parse NP VP Semantics | mass(w,;,m,p)
apulley ...

A

Solution Equations Planning
a=(m1_m2)'g/(m1+m2) m1.g-t=m1 .a F=m.a

Press

Theinputis amechanicproblem,posedin English,takenfrom anappliedmathematicsextbook. Thisis rst parsedo identify
its syntacticstructureandthenturnedinto a setof logical assertiondy semanticanalysis. Theseassertiongnustbe“ eshed out”
by cuing schematdo provide unstatedput implicit, defaultinformation. The givensandgoalsof the problemareidenti ed and
a planningprocesss usedto instantiategeneralphysical laws into a setof simultaneougquationsrom which the goalscanbe
derivedfrom thegivens.The PRESS equationsolver is thenusedto expressthe goalsin termsof the givens.

Figure3: Representationdsedby the MECHO Program

logistic growth, predatofprey equation,competitionequa-
tion, etc.

6 Inference,Fault Diagnosisand Ontology
Repair

“I shalltry to correcterrors whenshownto be er-
rors, and | shall adopt new views so fast as they
shallappearto betrue views” (AbrahamLincoln)

MEecHO and Eco formedrepresentationwith the aid of
naturallanguageprocessingools andinference,but from a
x edsignatue, by which | meanthevariablesfunctionsand
predicatesalongwith their types,thatwereusedto form the
logical formulae. However, aswe sav in x4, it is sometimes
necessario inventnew conceptsandto createnew functions,
predicatestypes,etc.with whichto representhesenew con-
cepts.

6.1 Repairing Faulty Conjectures

Alison PeasandSimonColton's TM8 program,[Coltonand
Pease2009, implementssomeideasof Lakatos[Lakatos,
1974 for repairingfaulty mathematicatheories.In particu-
lar, it takesnearlytrue conjecturesandrepairstheminto the-
orems. TM achieresthis by orchestrating:the OTTER the-
orem prover [McCune, 1994; the MACE counterexample
nder [McCune,1994 andthe HR® machindearningsystem
[Coltonetal., 1999;Colton,2007.

Given a falseconjecture,rst MACE is usedto nd both
a setof counterexamplesanda setof supportingexamples.
T™ then implementsLakatoss methodsof strategic with-
drawal and counterexamplebarring to modify the original,
falseconjectureinto new conjectureghatit hopesaretrue.
In stratgic withdrawal, HR nds a conceptthat describesaa
maximal subsetof supportingexamplesand the theoremis
specialisedo just thatconcept.In counterexamplebarring,
HR nds aconcepthatcoversall thecounterexamplesanda

8TheoremModi er.
®Hardy& Ramanujan.



minimal subsebf supportingexamplesthenmakesthenega-
tion of that concepta preconditionof the revised theorem.
Thesenew conjecturesregivento OTTER to verify. TheTm
systemthusexhibits the interactionof threekinds of reason-
ing: modelgenerationconceptformationandinference,to
do somethinghatneitherof themcoulddo alone:correcting
faulty conjecturesAn exampleis givenin Figure4.

T™M was given the following faulty conjecturein Ring
Theory:

8x;y:x>nyox’=e
wheree is the multiplicative identity element.
MACE found 7 supporting examplesand 6 counter
examplesto this conjecture.Given thesetwo setsof ex-
amplesHR inventeda concepthatcanbesimpli ed to:

8z:72°=z+z2

and usedit for stratgic withdrawval. OTTER was then
ableto prove the original conjecturefor just thoserings
with this new property

Figure4: Correctinga Faulty Conjecturdn Ring Theory

HR hasalso beenuseda componentof a systemfor the
automaticgenerationof classi cation theoremsfor algebra
modelsup to isomorphismand isotopism, [Colton et al.,
2004; Somge et al., 2004. This systememplo/s an intri-
cateinterplayof machinelearning,computeralgebramodel
generationtheoremproving and satis ability solving meth-
ods,andhasproducedhew resultsin pure mathematicsFor
instance,it generatedan isotopic classi cation theoremfor
loopsof size 6, which extendedthe previously known result
thatthereare22. Thisresultwaspreviously beyondthecapa-
bilities of automatedeasoningechniques.

6.2 Repairing Faulty Signatures

However, notethat HR doesnot extendthe signatue of the
representatiodanguage. Its new conceptsare de ned in
termsof a x edsetof functions,relationsandtypes.In con-
trast, FionaMcNeill's ors!® modi es the underlyingsigna-
ture, e.g., by changingthe arity andtypesof functionsand
predicatesandby memging or separatingunctionsandpred-
icates[Bundy et al., 2006;McNeill, 2003. oRrs is designed
for avirtual world of interactingsoftwareagents.It achiezes
its goalsby forming and executing plansthat combinethe
servicesf otheragents.

However, theseplansare fallible and may fail on execu-
tion. Planformationcanbe viewed asanautomategroof of
an existentialtheoremwherethe witnessof the existentially
guanti ed variableis a plan, and the proof shavs that this
planis guaranteedo achieve its goal. This plan may, nev-
erthelessfail to execute becausehe planningagents world
modelis faulty. In particular its theoryof the circumstances
underwhich otheragentswill performcertainservicesareex-
pressedhspreconditionsof actionrules. However, the other
agentamay have differentversionsof theseactionrules. The

1%0OntologyRepairSystem.

planningagentmustdiagnosehefault with its versionof the
rule; repairthe rule; andreplanwith the amendedule. This
repairmay just consistof addingor deletinga precondition,
or it may go deeperrequiringa changeo the signaturewith

which the preconditionsareexpressed An exampleis given
in Figure5.

Supposéhattheplanningagents plancontainsanaction
to paya hotelbill, representeds

(Pay PA Hotel $200)
wherePA is the planningagent. This actionfails on ex-
ecution. Justprior to failure thereis a short dialogue
with the Hotel agent. Suchinter-agentdialoguesarethe
normalway to checkthosepreconditionf whosetruth
valuetheserviceproviding agentis unsure.Theplanning
agentis expectingto beasled

(Money PA $200)
However, it is surprisedo beasked

(Money PA $200 credit_card)
instead.This suggestshatthe Hotel agenthasaternary
versionof the Money predicateratherthanthe planning
agents binary predicate.In orderto communicatesuc-
cessfullywith the Hotel agent,the planningagentmust
changethe arity of its Money predicateaccordinglyand
replan.

Figure5: RepairinganOntologySignature

ORs employsinteractiondetweerthreekindsof reasoning
processinferencein the form of planformation;fault diag-
nosisof thefailuresof planexecutionandary dialogueprior
to this failure; and mechanismdor repairingfaultsin both
the theoryandthe signatureof its ontology The fault diag-
nosisworks by a simpledecisiontree,in which the notion of
beingasleda surprisingquestion(or not) is a key diagnostic
cue.lt assumes contet in whichthereis alargemeasuref
ontologicalagreemenbetweeninteractingagents put some
critical differenceshat, uncorrectedwill causethe agents'
plansto fail. Thiscontext mightarise for instancewherethe
agentshave tried to adhereto someontologicalstandardput
differentversionsandlocal customisatiorhave createdcriti-
cal differenceslt canhelpwherethe ontologicaldifferences
only requirelocalisedrepairs but wheresuchrepairsmustbe
doneatruntimeandwithouthumanintervention,for instance,
wherevery large numbersof softwareagentsareinteracting
overtheinternet.

An agentcan useinferenceto form plansto achieve its
goalsbuttheseareonly guaranteetb succeedavhenits world
modelis perfect.Sinceperfectworld modelsare,in practice,
unattainablea successfuagentmustalsobe ableto repaira
faulty world model. This requiresheinteractionof inference
with fault detectiondiagnosisandrepair Fault detectionre-
quiresinferenceto provide a failed plan. Fault diagnosisre-
quiresa fault to be detectecandthe failed plan for analysis,
togetherwith further inferenceaboutthe stateof the world
andhow it differsfrom theworld model. Faultrepairrequires
adiagnosiof thefault. Successfuinferencerequiresthere-



pairedworld model. Thesereasoningorocesseshusconsti-
tute a virtuouscircle, which incrementallyimprovesthe suc-
cesf theagentin attainingits goals.

7 Conclusion

“Come together” (John Lennon& Paul McCart-
ney)

In this papemwe have beendefendingthe hypothesighat:

By complementingad other coopeating reason-
ing processcanachieve mud more thanthey could
if they only actedindividually.

We have presentedvidencein favour of this hypothesisaccu-
mulatedover morethan30yearswithin my researchyroup'.
In particular we have seenhow processe®f inference,at
both objectand meta-level, planning,fault diagnosis)earn-
ing, counterexample nding, representatioriormation and
ontologyrepaircaninteract. It is not just that differentpro-
cesseslealwith differentpartsof thetask,but thatthe weak-
nessesn oneprocessare complementedy strengthsn an-
other leadingto the more ef cient and effective running of
eachprocessand of their combination. Searchthat would
overwhelmaninferenceprocessunningonits own, is effec-
tively guidedwhentwo inferenceprocessesun in tandem.
Faults that would otherwiseremain undetectedare made
manifestby the mismatchingexpectationsof two inference
processeskFormal representationsequiredto performinfer-
enceareformedwith theaid of inference New proofmethods
neededo guideinferencearecreatedoy learningfrom previ-
ouslysuccessfuexamplesof inference Faulty world models
aredetecteddiagnosedndrepaired.

Al hasbecomefragmentedver thelast30 years.The de-
velopmenbf robust,scalableal systemgo emulatehemary
facetsof intelligencehasproven to be much more dif cult
than ervisagedby the Al pioneersof the 50s and 60s. To
male the tasktractable,we divided oursehesinto smaller
specialiseccommunitiesprganisedour own conferenceand
journals, and developeda separateseriesof techniquesfor
eachof the differentfacetsof intelligence. We have made
enormougrogressOurtechniquesretheoreticallywell un-
derstood robust and applicableto importantpracticalprob-
lems. But, taken individually, they eachsuffer from severe
limitationsof rangeandautonomy

One lessonfrom this paperis that perhapsthe time has
cometo reintegrate Arti cial Intelligence;to discorer how
the limitations of onekind of techniquecanbe overcomeby
complementingt with another;to realisethat togetherwe
have alreadyachiezed muchmorethanwe hadrealisedvhen
we wereapart.
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